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Introduction 


THE Committee responsible for this Report assembled first to 
consider the effects of diversity of sequences on the teaching of 
geometry, and the desirability and feasibility of a return to the 
uniformity that prevailed thirty years ago. But it was found 
unprofitable to proceed without a discussion of general principles, 
and these have applications to practical questions other than that 
which led to the discussion. 

In the Report a Section on general principles comes first, and 
the teacher who is interested primarily to know what recommenda- 
tions are made on specific details of practice is advised to begin 
at one of the later Sections ; it is hoped that the Table of Contents 
will enable every reader to start at a congenial paragraph. 

Section II describes the Stages which the Committee believes to 
be natural divisions of a course of geometry ; this Section includes 

~&@ minimum programme for the introductory Stage, arguments in 
-support of the opiniun that reference should be made continually 
jto solid geometry, and an account of the manner in which solid 
4.geometry may be worked into every part of the course. 
> ‘The next Section, which is the longest, is in some ways the most 
7 elas part of the Report. It aims at providing something that 
‘to most teachers has hitherto been inaccessible, namely, a careful 
5 discussion of the principal difficulties encountered in the attempt to 
_keep a course in geometry free from arguments that even the 
commonsense logic which is appropriate to the schoolroom must 
jzecognise as defective. There are several topics, such as the mean- 
.ing of superposition and the use of limits, which many teachers 
ot x approach with some uneasiness, aware that the way is said to abound 
,in pitfalls. Some knowledge of the nature of the difficulties is 
‘ a if the teacher is to discriminate between those he must 
Tpgnore, those he can evade, and those which his class is capable of 
‘facing. The text-book, if it is prepared for the pupil without a 
‘companion volume for the teacher, cannot discuss these matters ; 
.<it must adopt definite lines which the teacher, unless equipped to 
criticise them for himself, will suspect if they are easy and resent if 
“they are hard. Section ILI is concerned with subjects of this kind. 
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Parts of this third Section are difficult; the demands on the 
reader are much more serious than is usual in Reports addressed to 
that mythical individual the ‘average teacher’. The Committee 
hopes that among real teachers there may be some to welcome the 
implied assumption that they are actually interested in geometry 
and willing to think carefully. The subjects with which the Section 
deals are entered separately in the Table of Contents (p. 6), and 
the Section itself has a preliminary summary (p. 26). 

In Section IV the question of sequence is considered. The 
Committee believes that universal agreement is neither possible nor 
desirable, and that the difficulties ascribed to diversity are to some 
extent exaggerated and avoidable. The matter of sequence engaged 
during 1922 the attention of another Committee, which was 
appointed by the Incorporated Association of Assistant Masters 
after a questionnaire on the subject had been issued to teachers 
throughout the country. It is fair to say that this Committee had 
a mandate to emphasise every argument in favour of a fixed sequence. 
Since the traditions of the Mathematical Association are entirely 
contrary to this, the two Committees worked independently, and it 
was a great satisfaction to find, when the draft of the J.A.A.M. 
Committee’s Report was shown to the M.A. Committee, that the 
Report of the one Committee was not to be in any sense a challenge 
to the other. The present Report grew steadily, and no draft of it 
was available until six months after the I.A.A.M. Committee ceased 
to exist. 

The title of Section V is ‘Notes on some Minor Points’, and the 
Table of Contents will show the scope of the Section. In Section VI 
are recapitulated the suggestions made elsewhere incidentally with 
regard to examination questions, and the Report closes with a brief 
Section designed to reassure teachers who have been told that 
Einstein has * found out that Euclid was all wrong’. 

For referring to individual theorems, Euclid’s numbers are used. 
For the sake of readers to whom these numbers are not familiar, an 
Appendix contains enunciations corresponding to all but a few of 
the references, the exceptions being cases in which the proposition 
can be identified from the context. Perhaps even among readers 
who do not need a key, some may be glad to have a few enunciations 
in the exact renderings of the greatest authority. By a happy 
accident, the preparation of this Report has concurred with Sir 
Thomas Heath’s tenure of the office of President of the Mathe- 
matical Association ; he bears no responsibility for any of the views 
advocated, but no one who is acquainted with his edition? of The 
Thirteen Books of Euclid’s Elements will need to be told that perpetual 
use has been made of its abundant commentaries. 

The general principles with which Section I of the Report deals 


1 Cambridge University Press, 3 vols., 1908. 
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are peculiar to geometry ; for a discussion of questions relating to 
the position of mathematics as a whole in the curriculum, reference 
may be made to the Mathematical Association’s Report on the 
Teaching of Mathematics in Public and Secondary Schools, 1919}. 

Teachers interested in the history of the teaching of geometry 
should read the comprehensive account contributed by Cajori to 
the Report of the American National Committee of Fifteen, which 
as a provisional report was published in School Scrence and 
Mathematics, Vol. XI, 1911, and in its final form was printed in 
the Mathematics Teacher, Vol. V, 1912-13, and was also issued 
independently. 

The Committee is unanimously of the opinion that in geometry 
no distinction should be made between a course for boys and a 
course for girls, except in so far as certain types of illustration 
or rider will be less appropriate to one sex than to the other. 


1 Bell and Sons, Ltd. The report was printed in the Mathematical Gazette (Vol. IX, 
p. 393; Dec., 1919), and was afterwards published separately. 


NOTE ON THE SECOND EDITION 


Except for trivial amendments on pp. 35 and 36, for the expansion 
on p. 39 of a phrase which some readers found ambiguous, and for 
the correction on p. 66 of a slip to which attention has been called, 
the text of this Report is unchanged. 

Occasion may be taken to emphasise the distinction, which a 
certain amount of the criticism to which the Report has been sub- 
jected appears to ignore, between what a teacher should know and 
what he should teach. A great deal of school geometry is a com- 
promise, and the teacher’s problem is to present the subject as a 
coherent whole. He will succeed best if he knows something of the 
extremes of logic and empiricism which his course is laid to avoid, 
but the arguments which are relevant to a discussion of the con- 
trasted merits of different courses form no part of the instruction 
which he has to impart. 


August, 1925. 
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The Teaching of Geometry in Schools 


I. GENERAL PRINCIPLES 


In learning geometry, the pupil acquires a knowledge of geometrical 
facts, and practises deduction and organisation in relation to them. 
The views expressed in this Report are dominated by a belief that 
neither the subject matter to which attention is invited nor 
the operation to which the name of proof is given should retain a 
uniform character throughout the school age. 


I. (1). The Subject Matter of School Geometry. At first, geo- 
metrical ‘ facts’ are all related to the actual world, being associated 
with maps and models and measurements. As time passes, the 
relations of geometrical figures discover an occasional beauty that 
compels an interest in them for their own sake; the angle property 
of the circle is an obvious example of a geometrical fact that can 
dispense with artificial support, that is to say, with recommendation 
from the real world. Perhaps intrinsic interest is ultimately para- 
mount, even within school limits, for plane geometry; it would 
not be easy to recommend the radical axis or Simson’s line to a 
class wholly apathetic to abstract ideas. 

So much is commonly agreed; this variation of subject matter 
is recognised in current text-books, which all have an introduction 
more or less ‘ practical’. But it is worth while to affirm that the 
transfer of interest is not a conversion; the boy or girl is not off 
with the old love before being on with the new, and for many 
years it is the new that is the more likely to be jilted. Moreover, 
the desire to explore actual space remains as an incentive to solid 
geometry to a comparatively late stage, and the solid geometry 
needed to satisfy this desire should certainly come into the school 
course, and must be contemporary with plane geometry of a more 
abstract type. 


I. (2). The Relative Character of Proof. That all demonstration 
is relative to some body of axioms is no recent discovery, but a 
truism acknowledged in the form in which Euclid cast the Hlements. 


oo 
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The disputes of fifty years ago raged only about the desirability 
of replacing Euclid’s set of explicit axioms by some equivalent 
set; nobody doubted that this set, modified perhaps by a few 
trivial additions, was an ultimate basis for geometrical deduction. 
But the analysis of axioms that are explicit and the detection of 
those that are implicit, to which modern philosophers have given 
an immense amount of research, prove that a basis suitable for 
elementary reasoning can not be in any sense ultimate. 

On the theory, by which the place of geometry in the curriculum 
was at one time defended, that discipline in geometrical argument 
is a training in general accuracy of thought, the teacher might 
almost ignore this conclusion. But psychologists are agreed that 
it is not possible to improve a mental physique by exercising a 
particular logical muscle, and no excuse remains for advocating 
any study on the sole ground that it is a form of drill without 
considering its intrinsic merits. 

If there existed an ideal standard of proof, something might 
be said in favour of requiring the beginner to conform to it; one 
might even hold that departure from the utmost rigour is least 
pardonable when habits are bemg formed. But if the standard 
must be relative, it should be adjusted to the learner’s mentality 
rather than determined by the position which Peano or Whitehead 
has reached at a given moment, by the level which the teacher 
happened to attain during his own training, or by Euclid’s choice 
for the adult students of Alexandria. 


I. (8). The Early Stages of Geometry. The study of geometry 
has a preliminary experimental stage in which proofs are nod at- 
tempted and propositions are not formally enunciated; more 
knowledge is being acquired unconsciously than consciously. For 
example, plans are drawn to scale ; to realise the number of measure- 
ments that are necessary if there is to be no discrepancy possible 
between correct plans of the same object drawn to the same scale 
by different members of the class, is to have a considerable 
acquaintance with the facts of congruence. 

In the next stage, everything which is obvious is taken for 
granted; argument is used only to introduce the unexpected. 
Here considerations of symmetry can play a large part (see § III, 6, 
below), and congruence still rests on the adequacy of data to give 
a definite figure. It is typical of this stage to accept the equality of 
alternate angles almost without discussion, but to prove that the 
angle-sum of a triangle is two right angles. At this time proposi- 
tions are somewhat isolated or fall into small groups associated each 
with a given figure, and there is little connection between the group 
of propositions associated with one figure and the group associated 
with another. Only propositions of intrinsic interest are enunciated 
on their first appearance: some of the truths which are being 
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taken for granted are not expressed as general theorems at all, 
until the advantage of having them on record is as conspicuous 
as the desirability of learning the multiplication table. 


I, (4). The Organisation of Primitive Propositions. Thus there 
comes a point at which we have: 


(a) A number of elementary propositions accepted without proof. 
(b) Groups of closely related propositions of intrinsic interest. 


We now notice that within (a) there are groups of the same 
‘kind as compose (b). We do not suggest that any one proposition 
in one of these groups is more obvious than another, but we do 
insist that the number of results that are independently obvious 
is smaller than the total number of enunciations. To judge from 
appearances that P and Q are both Japanese is not to make two 
independent judgments if 1t happens that the men are as like as 
‘two peas; in much the same way, the perception that a triangle 
with two angles equal is isosceles is not logically additional to the 
perception that an isosceles triangle has two equal angles. 

So we begin to examine the elementary propositions. The 
process is not proof in the natural sense, but organisation. In 
other words, what we establish is not an individual proposition 
but a relation between propositions. To express the result in the 
form that we assume one proposition and prove another is a con- 
vention, but we are dealing now with students mature enough 
not to be misled by a convention that is explained to them. The 
mere fact that it is reasonable to organise results which it seems 
absurd to demonstrate, forestalls a distrust of proof and a contempt 
for proof that the average student is apt to feel when he is told 
with all solemnity that he has established the symmetry of the 
circle; the teacher who is careful to avoid confusion between a 
general theorem and a particular case, and between analogy and 
demonstration, need not fear that the student’s idea of what con- 
stitutes a proof will be less satisfactory than under the ideal of 
a rigid geometrical system to be mastered from the axioms forward. 

The process of organisation culminates in the recognition that 
geometrically all the obvious propositions depend on one of two 
principles, an axiom of congruence and an axiom for dealing with 
parallels. There is no danger that the subject will become amor- 
phous if the teacher is consciously grouping propositions with 
this conclusion in view. Hach of the two axioms can be expressed 
in a variety of ways. For example, Euclid’s own axiom of con- 
gruence, is disguised as a principle of superposition which, taken 
literally, is meaningless (see § III, 1, below); Hilbert takes as 
axiomatic the essence of the proposition (I. 4) im which Euclid 
first appeals to superposition. The discussion of the axiom of 
parallels has rendered Playfair’s name familiar to multitudes of 
students to whom many greater names are quite unknown, and 
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has led to ‘ simplifications ’ that are entirely fallacious (for example, 
the use of direction criticised in § III, 4). 

If attention is paid to each of the general principles without 
reference to the other, the precise form of the axiom underlying 
the principle is of little importance compared with the fundamental 
fact that a single axiom is all that is involved. But it was shown 
in Clifford’s Common Sense of the Exact Sciences!, and recently in 
more detail in the Mathematical Gazette?, that the two principles 
can be presented in analogous forms, the one as a principle of 
congruence, the other as a principle of similarity, in such a way 
that the group of propositions expressing the fundamental facts 
relating to congruence resembles the group expressing the pro- 
perties peculiar to Euclidean space. A discussion of such a presenta- 
tion occupies a sub-section (§ III, 3) of this Report. 


I. (5). The Organisation of Derived Propositions. The propositions 
that are proved have the same claim to be organised as those that 
are taken for granted. To some extent the claim is satisfied by 
groupings that are inevitable ; different properties of a parallelogram 
are naturally taken together, and so are those which concern angles 
in a circle. But results that appear to be distinct can often be 
exhibited as different cases of a single more comprehensive theorem. 
The student can not fail to appreciate such an economy, which is: 
typically mathematical, and no opportunity to effect it should be 
missed. 

In this connection, formulae play an important part, distinctions 
of positive and negative measurement become prominent, and 
trigonometrical functions may be introduced. Limiting cases may 
be compared with general theorems with which they are associated, 
but it is usually dangerous (see § III, 5) to offer a passage to a 
limit as a proof. 

The following are illustrations of the type of organisation that 
seems especially valuable : 


(1) Pythagoras’ theorem is to be coordinated with its extensions. 
(i) It is recognised that the general theorem 


If a point O is at distance q from the centre of a circle of 
radius r, the rectangle under the segments of a chord through 
O is a constant (known as the power of O for the circle), 
whose value is q? — 7°, 


includes among other cases a formula for the length of a chord 
at a given distance from the centre, and that this formula implies. 
the qualitative results of Euclid III. 15. 


1 Dictated in 1875 and published posthumously in 1885 as Vol. 51 of the In- 
ternational Scientific Series ; see especially pp. 69 ff. The suggestion to derive the- 
theory of parallels from the existence of similar figures was made by Wallis two. 
hundred years earlier. 


2 Vol. XI, pp. 65-72 (1922). 
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(ii) A more difficult example uses the notion of the line-pair 
(see § V, 6, vii, below), and includes in the one enunciation 
If A, B are distinct points, the four points A, B, P, Q are 
concyclic if and only if the cross formed by the pair of lines 
(AP, BP) is directly congruent with the cross formed by the 
pair of lines (AQ, BQ), 
the three theorems : 


If P,Q are points of an arc AB of a circle, the angles 
APB, AQB are equal ; 


Fig. 1. 


If APBQ is an uncrossed quadrilateral in a circle, the 
angles APB, BQA are supplementary ; 
If T is a pomt on the tangent at B to a circle APB, 
then if 7’, P are on opposite sides of AB the angles APB, 
ABT are equal. | 
Combination of results suggests a modification of proofs to enable 
a single demonstration to establish the comprehensive theorem, 
and this may be the justification or the impulse for an extension 
of ideas. Let us examine the three examples which have just 
been given : 
(i) This illustrates the need for directed measurement in a line, 
and also, in its trigonometrical form, for the sign of a cosine. In 


*” 
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the proofs that are natural when the subject is first under con- 
sideration, the extensions depend on Pythagoras’ theorem itself, 
but occasion may be taken to whet curiosity by the announcement 
that there is a method, that of vectorial geometry, in which the 
complete theorem is proved without reference to a particular case 
of it. 

(ii) Again the measurements must be directed. Emphasis may 
be laid on the aspect of a constant number attached to a variable 
chord, for if the theorem is not regarded in this light, it is related 
to the theorem that if OFG, OHK are chords of a circle, then the 
triangles OF K, OHG are inversely similar, either as a trifling corol- 
lary or as the last step in the proof, according to the logical chain 
that is being followed. 


(i) To adapt the Euclidean proof to the general theorem is 
tiresome, and we have a definite inducement to welcome the alter- 
native proof, which is a common exercise on similar triangles. If 
AQ, BP cut in O, then if OA.O0Q=OB.OP, the triangles OAP, 
OBQ are inversely similar; hence the line-pair (AP, OP) is in- 
versely congruent with the line-pair (BQ, OQ), that is, the line-pair 
(AP, BP) is directly congruent with the line-pair (AQ, BQ). Every 
step in the argument is reversible, and the required double result 
is proved. 


This subordination of the angle property to the rectangle property 
is perhaps defensible not only on the ground of success in this case, but 
also in view of extension to the conic sections: the enunciation of 
Newton’s theorem is simple, and its relation to the rectangle property 
obvious, but the definition of cross-ratio belongs to the late years of 
school life, and the reduction of the cross-ratio property of the general 
conic to the angle property of the circle invokes the circular points with 
all their attendant puzzles. 


I. (6). The Range of Riders ; Vocational Training. There is no 
reason why an individual proposition should not be known long 
before any attempt is made to deal systematically with its subject 
matter, and the rider that undertakes an incursion into territory 
which there is no immediate prospect of exploring thoroughly is 
most stimulating. In particular, details of solid geometry should > 
become familiar far in advance of any systematic abstract_study. , 
For example, the theorem that ‘Lines parallel to the same line 
are parallel to one another ’ can be asserted almost as soon of space 
as of a plane, and leads to the conclusion that the midpoints of the 
sides of any quadrilateral determine a parallelogram, whether 
the quadrilateral is plane or skew. Similarly, a few properties of 
the conic sections can be mentioned incidentally, but care must be 
taken, if different definitions of the curves are used on different 
occasions, to point out the assumption that the definitions are 
equivalent. 
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It is in the choice of riders that the teacher can bring the work 
into relation with the probable future of the pupil. The same) 
ideas of space, and the same fundamental properties of lmes and ) 
circles, are required for the intelligent pursuit of a technical occupa- | 
tion as for the study of mathematics at a university, but the times 
that one class spends on examples which anticipate the properties \ 
of conic sections, another may devote more profitably to elementary | 
machine drawing or to work in the borderland between kinematics. / 
and geometry. 

The Committee does not suggest that the question of vocational 
training is an easy one, to be dismissed in a sentence, but for three 
reasons this Report does not deal explicitly with any aspect of the 
question : 

(i) The principles on which the adaptation of a geometry course 
to environment is to be argued belong rather to a treatise on educa- 
tion than to a report on geometry ; it is not obvious that the special 
subject-matter of geometry introduces peculiar features into the 
discussion. 

(u) The Committee is not in fact well constituted to draw up 
schedules for technical schools. 

(ui) It is more difficult in such schools than elsewhere to consider 
geometry apart from other branches of mathematics. 


Il. ELEMENTARY PRACTICAL CONCLUSIONS 


IJ. (1). The Division of the Geometry Course into Stages. For 
purposes of discussion and organisation it is convenient to regard 
the course as falling into stages. A division into stages may be 
according to subject matter or according to method of teaching. 
The Euclidean way of teaching geometry recognised stages of 
subject matter—the Books—but used the same method of teaching 
throughout. It made little allowance for the change in a boy’s 
mind between 12 and 18. The result was that the work was very 
much uphill at first, partly because the method was not adapted 
to the psychology of young boys, partly because the early subject 
matter was in itself more difficult than that studied later. 

Such a plan discouraged average boys, and it therefore became 
usual to smooth the path of the beginner by an introductory course 
of drawing and measuring. This was the germ of a system of stages 
in which method rather than subject matter is the dominant idea. 

The Board of Education, in a Circular issued in 1909, recognised 
three stages in elementary geometry. The Committee would 
amalgamate the first two of these, but would subdivide the third. 

The Committee recommends the recognition of the following 
stages, which will be described briefly first and discussed more fully 
later on. 


Stace A: THe EXPERIMENTAL Stace. Here the boy will meet 
with the common geometrical notions and figures; a proceeding 
corresponding to the old preliminary course of definitions, but 
differing widely in this respect, that the treatment is no longer 
mainly verbal, but arises from real problems such as land measuring 
(‘ boy-scout geometry ’), and is illustrated by the use of drawing 
instruments and other simple apparatus. As the course develops 
a certain number of fundamental facts emerge, relating to angles 
at a point, parallel lines, and congruent triangles. Opportunities 
for the introduction of deductive work will occur at this stage 
and should be utilised, the transition to Stage B being effected 
gradually. The treatment of deductive work in Stage A should be 
simple, and should in the main be conducted orally. Formal written 
proofs should be postponed to the next stage. 

14 
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Stage A is essential as a preparation for Stage B, but unless it 
is arranged carefully there is a danger of its becoming desultory 
and aimless. It should end at the age of about 123 years; thus 
an average boy who is on the way to a public school should have 
entered the next stage before he leaves his preparatory school!. 


Stace B: Tue Depuctive Stace. The boy next learns to 
prove theorems and riders and to write out proofs. The subject 
matter of this stage is the whole of elementary plane geometry, with 
occasional inroads upon the easier parts of solid geometry. At first 
sight this programme does not seem to differ substantially from the 
old-fashioned plan, but a fundamental distinction in method is 
recommended, which we will now explain. The main interest in 
Euclid’s work is the systematic process. Euclid (and every writer 
on formal geometry) is chiefly concerned to construct a chain of 
reasoning ; the links are subordinate to the chain. The links are 
theorems, some of them interesting and arresting, some of them of 
no special interest in themselves but necessary as part of the chain. 
At the stage we are discussing (perhaps 12 to 15) the systematising 
instinct is not strongly developed. On the other hand great interest 
may be aroused by the search for geometrical truths. It is better 
at this stage to steer into the unknown than to attempt the proof 
of properties that are judged to be obviously true; the more strik- 
ing the result, the greater the interest aroused. The reasoning 
powers have become strong enough for the use of the deductive 
method. This method will be prominent, but not to the exclusion 
of intuition and induction; in Stage A the deductive method was 
weakly developed, and in Stage C we shall find that it is supreme. 
To maintain interest a choice of theorems must be made: the 
fundamental theorems on angles at a point, on parallels, and on 
congruence will still be assumed, and to these assumptions will now 
be added the fundamental theorems on similarity (not to be stated 
dogmatically, but to be granted on the strength of common 
experience). 

There remain several groups of theorems (such as those relating 
to angles in circles) which are suitable for deductive treatment 
at this stage; there are other theorems (such as those relating to 
inequalities) which are not yet essential and are found to be of 
less interest; and others again (for example, on arcs and angles) 
which are still regarded as so obvious that proof would be tedious. 

By the end of Stage B the boy should know the interesting 
theorems of plane geometry; he should be able to devise. con. 

1 The references here and in Section IV to this transition must not be taken to 
imply that the Report is concerned predominantly with the public schools. The 
whole Report is believed to be applicable to schools of every kind, but it happens 
that only for the one class of boys is it possible to help teachers by indicating, other- 
wise than by age and yet in a manner both widely recognisable and independent 


of the curriculum, the phase of general development during which a particular 
devel of geometrical progress will commonly be attained. 
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structions and to solve easy riders; he should be able to apply 
his knowledge to simple solid figures; he should have some grasp 
of logical method. On the other hand, the theorems he knows. 
will not at present be deduced from a very small number of axioms ;. 
his knowledge will rather be based on a considerable number of 
assumptions, assumptions which are appropriate to his present 
mental development. 


Stace C: THe SysTEMATISsING Stace. A course ending with 
Stage B might be stimulating, but would certainly be ragged and 
unfinished. With dull boys probably nothing more can be 
accomplished ; the Committee believes that they will derive more: 

benefit from a frankly preliminary course like this than from an 
old-fashioned course on Euclidean lines. On the other hand, able: 
boys will feel the need of rounding off and consolidating their study. 
This is the purpose of Stage C. 

There is little experience to guide one in making recommendations. 
as to this stage. Teachers who have adopted new methods in 
teaching geometry have often omitted it altogether; on the other 
wing there are those for whom school geometry comprises nothing 
but this stage, with an imperfectly blended addition of drawing: 
and measurement. But the aim of the stage is clear enough. It 
is to systematise the knowledge of plane geometry already ob- 
tained, and to arrange the theorems in a logical sequence depending 
on a comparatively small number of axioms. The reasoning must 
be rigorous, relatively to the mental age of the pupils. 

— > Stage C will last until the age of 16 or 17. Two further stages. 
may be mentioned, but as they fall outside the domain of ele- 
mentary mathematics and concern only mathematical boys, they 
will not be discussed at length in this Report. 


Stace D: Moprern GromMetTrRy (geometry of the triangle, 
pole and polar, inversion, systems of circles, projective geometry), 
GEOMETRICAL CoNICcs, AND Format Sotip GEomETRY. This is a 
well-established part of the course taken by boys reading for scholar- 
ships. 

Stace EH: THe PHinosopHy of GEOMETRY (discussion of founda- 
tions, Non-Euclidean geometry, etc.). Most teachers will regard 
this as work for a few gifted specialists, and appropriate to the 
university rather than to the school. Others will see a possibility 
of interesting a wider circle, including able boys who are not mathe- 
matical specialists. 


II. (2). Stage A: Experimental’. The first steps in geometrical 
work will be largely experimental, and will be connected with arith- 


1 Details as to the work of Stage A will be found in the Mathematical Association’s 
forthcoming Report on the Teaching of Mathematics in Preparatory Schools. Bell and 
Sons, Ltd., 1924. 
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metic and geography. Land measurement seems to form an im- 
portant part of this work, and it is suggested that if circumstances 
allow, some exercises should be worked out of doors, not, it need 
hardly be said, forming a continuous course preliminary to all 
class-room work, but interpolated appropriately from time to time. 


AppaRATuS. This should be as simple as possible. Expensive 
apparatus is not merely unnecessary but undesirable, both because 
the supply will generally be small and because elaborate details 
are apt to obscure the main principle. 

To locate, say, a buried treasure from the statement that it is 
equidistant from two trees and 40 yards from a third needs only 
a measuring tape and string, and the problem that confronted 
Poe’s hero in “ The Gold Bug” required in addition only a plumb 
line. The plan of a field may be drawn to scale by the use of a 
plane-table, which can easily be made in the school carpenter’s 
shop. Further appliances which, if available, can be made useful 
are compass, spirit-level or water-level, and any instrument for 
horizontal and vertical measurement of angles. 


PLAYGROUND oR Fietp Work. This may include: 


Measurement of direction round a fixed point, determination of position 
by direction and distance, planning to scale, measurement of height by 
set square and by angular elevation, determination of position and 
distance by triangulation from a fixed base, measurement of area by 
base-line and offsets, measurement of slope in various directions from 
a fixed point, and the plotting of sections and contours. 


Ciass-Room Work. There is much room for variety in the 
order in which this is done; the course should include: 


Measurement of length, work with decimal scale, estimation of fractions! 
of a scale division, comparison of units (inch, centimetre, etc.) ; marking 
of points at a given distance from a given point, fixing of position by 
distances from known points. 

Acquisition of the idea of a line as a boundary or edge, testing of the 
straightness of a line and of a ruler-edge; acquisition of the idea of a 
surface, testing of flatness. 

Finding of areas (e.g. of regions on a map) by the counting of squares ; 
discussion of area of a rectangle, and of volume of a rectangular block ; 
construction of card models of simple solids. 

Discussion of the rotation of a radius, measurement of angles ; making 
of plans. 

Discrimination of vertical lines and horizontal] planes, of horizontal 
{ines and vertical planes ; study of the translation or sliding of figures. 

Introduction to parallel lines; recognition of corresponding and alter- 
nate angles; development of the idea of direction ; walking of boundaries 
(see § III, 4, below); discovery of the angle-sum of triangle and polygon, 
construction of regular polygons. 

Copying of a given triangle, construction of a triangle from data, 
introduction of the distinction between satisfactory and unsatisfactory 


1 The pupil must be warned against introducing either spurious accuracy, as by 
converting an estimate of three-eighths into a decimal carried to its termination in 
the third place, or rank absurdity, as by converting an estimate of one-third into a 
recurring decimal. 


B 
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(inadequate or incoherent) groups of data; recognition of congruence 
of triangles, and of similarity of triangles in the three-angle case. 
The principal ruler and compass constructions (bisection of lines and 
angles, etc.), and appreciation of symmetry in the figures described. 
Determination of areas of parallelogram, triangle, and trapezium, by dis- 
section. 


II. (3). Stage B: Deductive. This stage is transitional, leading 
from the boy-scout geometry of Stage A to the formal geometry 
of Stage C. It is an essential feature of the Committee’s recom- 
mendations that there should be such a transitional stage, that 
it should deal with matter selected from the substance of EKuclid 
Books I-IV and VI, together with some solid geometry, and that 
it should be an important part of the whole course, taking up 
perhaps 24 years, say from 12} to 15. But the very fact that the 
stage is to be transitional makes it difficult, and as yet undesirable, 
to frame very precise proposals. 

The method is to be mainly deductive, but not without appeal 
to intuition. For instance, Pythagoras’ theorem is admirably 
suited to deductive treatment in Stage B. But there are various 
well-known ways of leading up to this theorem, in order that it 
may appear antecedently probable that the theorem is true and 
that a desire may be aroused to prove it. The theorem may be 
approached by measuring sides, by counting squares, by weighing, 
or by dissection. There is room for difference of opinion as to how 
many of these preparatory researches should be made, and some 
teachers may prefer to take them earlier, during Stage A, while 
others will make them the immediate preliminary to the proof. The 
main point is that something of the sort should be done before the 
boy comes to the proof, as a hors d’@uvre to whet the appetite for 
the solid part of the feast. 

In some cases the preparatory exercises will depend on intuition, 
in others upon measurement. For example, in the two standard 
locus theorems, a number of equidistant points will be marked 
(by eye), and the pattern formed will stand out and appeal to the 
sense of symmetry. Measurement here would be out of place. 
Probably intuition will do the work in the majority of these 
exercises, but the equality of angles in the same segment is a case 
in which measurement will reveal a surprising fact (or suggest an 
interesting possibility) which no boy of ordinary powers would 
find out intuitionally. 

An informal preparation, then, is usually a proper part of the 
study of a theorem which is to be demonstrated. The actual 
demonstration will in many cases be on orthodox lines; we may 
cite such theorems as refer to parallelograms, areas (including the 
Pythagoras group), angle properties of the circle, rectangle pro- 
perties of the circle, areas of similar triangles, the bisector theorem. 

There are other groups of theorems the treatment of which will, 
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during this stage, stop short of formal demonstration. Such 
theorems fall into two classes. In the one class are the funda- 
mental theorems relating to angles at a point, parallels, congruence, 
and similarity. These theorems have been implicit in the work of 
Stage A; in Stage B it will be appropriate to learn to recognise the 
theorems as individuals, to memorise their enunciations, and to 
regard them as fixed and familiar data for further work. 

The other class of theorems that may, it is suggested, be leit 
over for demonstration in Stage C contains theorems which are 
neither fundamental nor, to the mind of a boy of 14, in need of 
proof. ‘Arcs, angles, chords’ suggests one group of this type. 
- © Equal chords are equidistant from the centre’ belongs to another. 
There is indeed nothing in the proof of the latter theorem that 
would present any difficulty. On the other hand, the fact is too 
obvious to be interesting, and to dwell upon it would delay pro- 
gress and allow enthusiasm to cool. Numerical exercises in chords 
will inevitably occur as applications‘of Pythagoras’ theorem. 

The Committee had no difficulty in agreeing on the illustrations 
given above of what should be proved, what should be assumed, 
and what should be skipped, in Stage B. It would have been 
much more difficult to schedule mside these agreed limits the 
theorems that would fall into the different classes, but it did not 
appear to be necessary to attempt any such demarcation. 

The following instance may be given of a point where different 
opinions are compatible with the spirit of this Report. The ‘ in- 
tercept theorem ’ will naturally be approached by drawing slanting 
lines across ordinary ruled paper and noticing (without measurement) 
that such lines are divided into equal parts. Proceeding from this 
point, one view is that no further strict demonstration is needed 
at present, and that we may advance immediately to the fact 
that a line parallel to the base of a triangle divides the sides pro- 
portionally, together with the converse theorem and the useful 
particular case of bisection. According to another view it is prefer- 
able to demonstrate the intercept theorem and the dependent 
theorems on proportional division. 

Differences of this kind must arise when an attempt is made 
to define too closely the interior structure of a stage that is essen- 
tially transitional. Every teacher must follow his own judgment 
in deciding exactly what degree of intrinsic interest will qualify 
a theorem for explicit mention and detailed study or demonstration 
in Stage B. But perhaps it is fair to remark that the standard 
of interest desired by teacher and pupil may not always bé a, 


IJ. (4). Stage C: Systematising. The question of sequence 
has not been a burning question up to this point, but in Stage C a 
sequence must be chosen. As is explained more fully in Section IV, 
the Committee is convinced that it is neither desirable nor possible 
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to insist that one sequence shall be imposed on all teachers and all 
pupils. But for a definite pupil a definite sequence is needed. 
At first sight there seems to be a bewildering variety of competing 
sequences, but actually most of the variations are of small im- 
portance. For example, it does not matter very much whether 
Pythagoras’ theorem and the rectangle property of the circle are 
proved in this final stage in the classical way or by similarity ; 
in Stage B the similarity proofs are attractive because they are 
simpler, but in Stage C this is of less moment, and if a boy learns 
two proofs of Pythagoras’ theorem no harm is done. 

Nevertheless, three significant questions present themselves, 
namely : 


(i) Are the fundamental theorems on parallels and congruence 
still to be assumed, or are they now to be proved ? 


(ii) Is it better to retain Euclid’s axiom of parallels (or some 
equivalent such as Playfair’s), or to replace this by an axiom of 
similarity ? 

(11) What can be said about incommensurables ? 

The last question is the subject of § III, 8, below, and nothing 
need be said of it here. 

The second question is examined in § III, 3. While not urging 
that the well-known path through parallels ought to be generally 
abandoned in favour of a comparatively untried approach through 
similarity, the Committee is impressed with the strength of the 
arguments adduced in favour of the latter course, and holds that 
every examination schedule should leave open the possibility of 
experimenting on these lines. Examining bodies would give the 
freedom desired by treating the similarity theorems in the same way 
as the congruence group. 

But this does not amount to recommending that no proofs of 
any fundamental theorems should be taught during Stage C. The 
first group (angles at a point) should certainly be proved here. 
A sound treatment of the congruence group is difficult, and this 
question is discussed in § III, 1; im effect it is recommended that 
in Stage B, Euclid I. 4 and I. 26 be assumed and I. 8 made plausible, 
but that in Stage C, the first two propositions be deduced from the 
principle of congruence and the third proved in one of the customary 
ways. The special theorem of congruent right-angled triangles 
presents no difficulties. 

The parallels group is easier to deal with; at the age of 15 a 
boy will be able to appreciate the need of an axiom and the distinc- 
tion between direct and converse theorems. Similarity theorems 
follow, but the Committee agrees that the proof of the main theorem 
must be confined to commensurables. This unfortunate limitation 
need not be imposed if the alternative assumption explained in 
§ III, 3 is adopted. 
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When the fundamental theorems have been put into their places, 
the remaining variations of sequence are of minor importance, 
and are largely matters of taste and fancy. The subject falls into 
obvious sections, which are for the most part independent. For 
a first presentation, there may be strong arguments for taking 
circle before area, or area before circle. Thus, on the one side we 
may argue that the circle theorems are more interesting and provide 
easy riders, and that Pythagoras’ theorem (which is almost neces- 
sary as a preliminary) can be proved by similarity, as a relation 
between the numerical measures of the lengths of sides before area 
is discussed. On the other side we may urge that the area theorems 
are a step onwards from work in mensuration, that they illustrate 
algebra as well, and that the full meaning of Pythagoras’ theorem 
is not appreciated without a sight of the squares. These sets of 
arguments are so evenly balanced that it seems presumptuous to 
adjudicate between them. They are substantial arguments as 
applied to Stage B, but they evaporate when the arrangements 
for Stage C are under consideration; it is really not important 
whether we give precedence to circle or to area in Stage C. Pre- 
sumably the order chosen for Stage B will generally be maintained 
in Stage C. 

The sequence question for each school is bound up with the 
choice of text-book, and on neither point is it necessary for the 
Committee to offer advice. But the style of work appropriate to 
the stage is a matter of educational importance. This style should, 
in our opinion, be approximately Euclidean ; that is to say we believe 
that the average boy should be submitted to Euclidean rigour at 
the right time and not before. In most cases the right time is at 
the age of 15 or thereabouts. The Committee is opposed equally 
to the total neglect of this aspect of instruction and to the attempt 
to impose it prematurely. The Euclidean discipline was ineffective 
in the old days because it was given too soon ; perhaps the danger 
at the present day is that it may not be given at all. 

The style of presentation will be approximately Euclidean, but 
even in Stage C the Committee has no intention of recommending 
a return to the ways of the 19th century : 

(a) Kuclid’s style is too prolix. 

(6) It is unnecessary for boys to memorise the numbers of 
theorems ; instead of references to theorems a very short 
indication of the argument is usually enough; thus 2A= ZB 
(in the same arc CAD), 

(c) The use of hypothetical constructions is now permitted. 

(d) The boy’s attention should be directed to the grouping ot 
propositions ; it was no part.of Euclid’s plan to refer to 
this, but it is essential in teaching. The boy should organise 
his knowledge in ‘chapters’ (circle, area, loci, etc.), in 
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‘sections’ (congruence theorems, angle properties of circle, 
symmetry properties, etc.), In ‘ paragraphs’ (e.g. theorem 
and converse, internal and external bisector meeting base). 
In the early books of the Elements, Kuclid often sundered 
theorems which in content are intimately related. 

(e) Every opportunity should be taken to generalise results 
obtained; this is a feature characteristic of modern as 
contrasted with Greek mathematics. 

(f) Euclid gives no explanation as to the reason why proofs 
take the forms in which they are presented; that is, the 
synthetic proof is given but not the analysis by which it 
was obtained. The synthetic form is suitable for a final 
statement, but in teaching, the analysis should not be omitted. 


II. (5). Solid Geometry. In Euclid’s sequence the very elements 
of solid geometry had to yield precedence to the study of elaborate 
plane figures, with the unfortunate result that few boys brought 
up on the Elements ever learnt more about three-dimensional space 
than can be gathered by observation and common-sense. In recent 
years something has been done to remove this serious defect in the 
curriculum, but the Committee is of opimion that a good deal more 
is needed. The view held is, in brief, that there ought to be no 
formal separation between plane and solid geometry, and that 
although, for practical ‘reasons, it is often necessary to deal with 
tri-dimensional properties of figures apart from the corresponding 
plane properties, the two kinds should always be studied in close 
relation with one another. This maxim applies with particular 
force to the fundamental notions of congruence, symmetry, similarity, 
parallelism. Of all these it may be said that a beginner gains a 
much more full and vivid idea of their significance if they are first 
illustrated by reference to solid rather than to plane figures. Com- 
mon articles made to the same design, such as books, chairs, and 
houses, give the best introductory illustrations of congruence; the 
two hands, as an example of symmetry, present an essential feature 
which is missed when the idea is based upon the comparison of 
plane figures capable of bemg superimposed; the relation of a 
model to its original offers the best starting point for the discussion 
of similarity ; and so on. 

- Apart from the influence of tradition, the chief reason why the 
geometry of solid figures is so little taught in schools is, no doubt, 
its supposed difficulty. It will be useful, therefore, to inquire where 
that difficulty lies. No one will maintain that a boy of 14 cannot 

‘see’ (for instance) that parallel sections of a pyramid are similar 
figures, and it is easy for him to work out a proof of the similarity 
‘if he has a model before his eyes. The only real difficulty in this, 
as in most cases, is to write out the proof without the help of a 
model, and reduces finally to the difficulty of visualising spatial 
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relations in three dimensions and of representing them clearly in 
a plane diagram. But why should not a model (made in a previous 
lesson or for ‘ homework’) be used in writing out a proof? The 
principle “ Point d’images dans ce livre”’ is an excellent if a severe 
one for an advanced treatise, but no one would prescribe it for 
school use. If in an argument about a plane figure the aid of 
a diagram is conceded, how can it be unlawful to employ a model 
when we are arguing about a solid figure ? 

The obvious answer, namely that models cannot be used in an 
examination, has less force than would appear at first sight. For 
in the first place there is no reason why they should not be used 
in an ordinary terminal test, and in the second place, a boy who 
has used models in learning his geometry and has been practised 
im representing them in sketches or diagrams, will normally acquire 
the needed power of visualisation and reproduction by the time 
he has to face a public examination. Moreover, it is indefensible to 
ignore an important part of a subject in teaching simply because 
examining in it is not easy. 

A more substantial difficulty is the perennial one of finding time 
for an addition to an already overfull programme. One way to 
meet this is to apply the pruning knife to inessentials—a process 
which has not yet been carried sufficiently far. Another is 
to teach a good deal of the new matter in the form of exercises or 
riders upon the ordinary propositions of plane geometry ; the new 
material introduced in that way would add very materially to the 
interest and value of the teaching in plane geometry itself. 

Acceptance of the main thesis being presumed, brief suggestions 
for a programme of work may be offered. ‘The first thing to 
emphasise is the importance of a course of modelling in paper and 
cardboard to be taken before formal instruction in geometry begins. 
The articles to be made should not be of abstract geometrical 
forms, such as the pyramid, but should rather be of the type of 
toys. On the other hand they should generally be chosen with 
reference to their value in developing a child’s geometrical ideas. 
In constructing them he should acquire skill in the use of the ruler, 
set-square, and compasses, learn the names and become acquainted 
with the salient properties of simple geometrical figures, such as 
the oblong, the circle, the hexagon, be led to discover the ordinary 
constructions for bisecting lines and drawing perpendiculars, have 
valuable practice in analysing interesting and characteristic solid 
forms, master the principles of scale-drawing which underlie the 
theory of similar figures, and in general lay a foundation of intuitive 
knowledge upon which a stable structure of theory may subse- 
quently be built. The construction of ‘meccano’ models may be 
mentioned in this connection as an exercise which, besides being 
universally popular, teaches a child to interpret plane representations 
of solid figures. 
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This preliminary work should later be followed up in two directions. 
Boys in Stage B should make models which are to be solutions of 
definite geometrical problems: e.g. the construction of a cone in 
which the slant height bears a given ratio to the radius of the base, 
the construction of a skew pyramid to a given specification. Later 
they should study the analysis of solid forms by drawing plans 
and elevations, solve simple problems by this means, and perhaps. 
investigate the plane sections of the cylinder and the cone. 

As soon as regular lessons in geometry begin, the principle should 
be applied that results obtained by considering two-dimensional 
figures should be followed into the field of three-dimensional geo- 
metry, and wce versa. Thus, in Stage A, when the method of 
measuring plane angles is well understood and practice has been. 
given in applying it to problems of ‘boy-scout geometry’, the 
measurement of angles between two planes and between a line and 
a plane should be taken up. The conditions for perpendicularity 
should be discovered, and the common ways of testing whether 
lines and planes are horizontal, and whether they are vertical. The 
treatment is, of course, to be practical and ‘ intuitive’, not deductive: 
or formal. Any consideration of loci should include reference to: 
solid as well as to plane figures: for instance, the complete locus 
of points equidistant from two given points should be seen to be a 
plane bisecting their join perpendicularly. 

It is suggested elsewhere in this Report that the study of con- 
gruence, symmetry, and similarity may start from the consideration. 
of solid figures. The further, more exact, analysis should no doubt 
be conducted by means of plane figures ; but as soon as the general 
conditions for congruence and similarity have been established, they 

should be applied now and then to simple examples in three dimen- 

‘sions. For instance, the sufficient condition for the perpendicularity 
of a line to a plane is easily proved by the aid of a simple model ;. 
it may be taken in Stage B, as an application of the theorems about 
congruent triangles, though the pupils need not necessarily be ex- 
pected to reproduce the proof in writing. In this way occasion 
should be found, by the time the First School Examination} has 
to be faced, to introduce the more important theorems of Euclid 
Book XI. 

In the work in trigonometry, especially in problems on heights 
and distances, opportunity may often be found of applying theorems 
about tri-dimensional figures. It is highly desirable that place 
should be found, here or elsewhere, for the simpler geometry of 
the sphere—to be correlated with lessons in astronomy and 
geography. 

Finally, there is much to be said for the inclusion, where circum- 
stances permit, of informal lessons on orthogonal and conical pro- 


1 This name covers officially the General School Examination, the Matriculation. 
Examinations, the School Certificate Examinations, etc. 
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jection, illustrated by models and experimental demonstrations 
and leading to the discovery of salient properties of the conic sections 
and their relation to the properties of the circle. The chief rules 
of perspective drawing also offer a very attractive field of inquiry 


in which the simpler relations between lines and planes may be 
usefully applied. 


III. DISCUSSION OF SOME DISPUTED POINTS 


Introduction and Summary. In the following discussions, the 
‘Committee has not shrunk always from explicit recommendations, 
but the ultimate decision is with the teacher, and will vary, not only 
from school to school and from class to class, but also, at what is 
nominally the same standard, from year to year according to the 
individualities of the particular group of students concerned. To 
expound with confidence it is best to take up a position which 7s 
defensible, even if the actual learners are not of a kind to make 
attacks ; when this is impracticable, at least the teacher should be 
fully aware of the weaknesses which he is unable to eliminate. A 
preliminary summary may be helpful. 


(1) The method of superposition should not be used at any stage. 
Since a triangle can be constructed in only one way from the 
specifications in the data, Euclid I. 4 and the first part of I. 26 
may be deduced from the ‘ principle of congruence’, as may 
III. 24. The proofs are given in full. 

The other cases of congruence should be deduced by one of 
the customary methods. 


(2) Provided they are not used to prove the possibility of con- 
sruent figures existing in different places, the customary 
phrases and arguments in which figures are spoken of as 
moving are quite legitimate. 

(3) The ‘ parallel-postulate ’ may be replaced by the ‘ principle of 
similarity’. This course promises great advantages and 
deserves careful trial. Typical deductions of properties of 
parallel lines from this principle are given. 


(4) To identify directions at different points or to prove the angle- 
sum property of a triangle by rotation it is necessary to know 
beforehand the properties of parallel lines. 

An instinctive idea of direction cannot replace the parallel 
postulate. 


(5) Though it is of great value to compare the properties of tan- 
gents with those of chords, the meaning of ‘ limit’ cannot be 
26 
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understood at Stage C and proofs by limits should not be 
attempted. 


{6) Symmetry should be used freely at Stage B, but its use is not 
| recommended for formal proofs at Stage C. 


(7) Two alternative arrangements of the ‘ area ’ group of theorems 
are given. Mixtures of these are condemned. 


(8) The recognition of incommensurables is inevitable in the 
Geometry course. Difficulties arise in the use of algebraic 
formulae and in inferring equality of rectangles from equality 
of ratios. Methods for dealing with these difficulties are 
given. 


III. (1). Congruence and Superposition. The theory of the con- 
gruence of triangles rests traditionally on the case in which two 
sides and the included angle are given as equal (Euclid I. 4). Huclid’s 
proof for this case by means of superposition has been subjected 
to a great deal of destructive criticism. Many teachers to-day 
know that the proof is attacked, but are not clear as to what the 
objection is or what other line of argument is possible. 

Criticisms directed against the method of superposition date 
back at least to Peletier’s edition of Huclid (1557), and they have 
been elaborated by many modern writers. Veronese, for example, 
puts the case cogently (fondamenti di Geometria, 1891), and adapting 
Heath’s summary (op. cit. Vol. I, p. 226) we may express his two 
arguments as follows: Since geometry is concerned with empty 
space, it would at least be strange if it was necessary to have re- 
course to the real motion of bodies for a definition of equality, 
and for the proof of the properties of immovable space. If we say 
that two bodies are equal when they can be superposed by means 
of movement without deformation, we are committing a petitio 
principw ; the definition of rigidity assumes a criterion for equality 
of spaces, and 7f the only criterion available is derived from super- 
position, there is no escape from a vicious circle. 

Philosophers have disputed as to the nature of the relation 
between our abstract ideas of space and the facts of observation 
from which they are derived. We are not required to decide 
between their rival views ; it is sufficient for us to draw from their 
difficulties the practical conclusion that the uniformity of space 
implied in the principle of congruence must be treated as something 
gwen in the perception of things, not something to be deduced from 
their properties. In other words, it is, from the logical standpoint, 
an assumption. The more clearly the teacher realises that there 
must be definite assumptions, the less he will bemuse his pupils by 
pretences at proving the unprovable. 

Referring to superposition in the Mathematical Gazette (Vol. I, 
p. 165), Russell wrote bluntly, “ The fourth proposition is a tissue 
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of nonsense’’. Elsewhere?! his criticism takes a form in which 
possibly Euclid himself would have agreed with it: “ The apparent 
use of motion is deceptive; what, in geometry, is called a motion, 
is merely the transference of our attention from one figure or set 
of elements to another. Actual superposition, which is nominally 
employed by Euclid, is not required.” 

The schoolboy will appreciate the language of the first quotation. 
better than that of the second, and the teacher must use his own 
judgment in modifying Euclid’s methods im order to reach a com- 
promise which is adapted to the pupil’s powers and at the same 
time is calculated to emphasise rather than to conceal the presence 
of a fundamental hypothesis. What he has to do in Stage B is 
to let the pupil evolve formal ideas on congruence from empirical 
ideas acquired in Stage A ; in Stage C the formal ideas are organised, 
but not modified in character. 

In Stage A, the pupil learns to draw figures according to given 
instructions. He comes to recognise certain groups of data as 
adequate to give a construction free from ambiguity, and he takes 
for granted that the figure he draws is not in any essential respect 
dependent upon the position of his sheet of paper in space. 

It is this comprehensive * principle of congruence’ that is to be 
used, without formal enunciation, in Stage B. If a body of instruc- 
tions is given for identifying a figure, and if no reference is made 
to points or figures supposed to be known already, then the geo- 
metrical implications of the mstructions are the same at one part 
of space as at another. If the instructions are incompatible or 
ambiguous when tried here, they are equally incompatible or 
ambiguous when tried there. If they point to a single definite figure 
at one place, not only do they point to a single definite figure at 
another place, but there are no internal differences between the two 
figures: corresponding lines, straight or curved, have the same 
length, corresponding angles have the same measure, and corre- 
sponding areas are equal. 

There is a technique to be mastered in the application of this. 
principle, for the figures which Euclid calls ‘ given’ figures are 
not as a rule constructed directly to specifications. Consider for 
example a step in the classical proof of Pythagoras’ theorem. Four 
finite lines AP, AB, AC, AQ are such that PAB and CAQ are right 
angles, AP is equal to AB, and AC is equal to AQ; the triangles 
to be compared are PAC and BAQ. We say now that if in a given 
plane with an assigned direction of angular measurement we are 
given a point O and an infinite half-lme OX, then there is one and 
only one point LZ in OX at a given distance p from QO, one and 
only one half-line OY which makes a given angle « with OX, 

1 Encyclopedia Britannica, 10th ed., Vol. 28 (7.e. 9th ed., Supplementary Vol. 4), 


p- 671; Art. ‘Geometry, Non-Euclidean.’ (1902. The article was recast for 
the next edition.) 
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and one and only one point M in OY at a given distance ¢ from O. 
Giving p the value of the length common to AP and AB, « the 
value of the equal angles PAC and BAQ, and q the value of the 
length common to AC and AQ, we notice that the instructions 
which would direct attention to the triangle PAC on AP would 
direct attention to the triangle BAQ on AB; the equality of areas 
is inferred. 

It is not a defect but a merit in this argument that it resembles 
very closely the argument by superposition, for this implies that 
every use of superposition can be replaced in precisely the same 
way. Nevertheless the argument is one which teacher and student 
alike will tend to avoid. If the direct application of the general 


Cc 


Pp 


Fi@. 2. 


principle of congruence is to be preferred for a time to a formal 
enunciation of propositions on congruent triangles, the advantages 
of having these propositions tabulated for reference rapidly become 
evident ; moreover, “ What selections of data, among the three 
sides and the three angles, suffice to determine a triangle?” is a 
perfectly natural question. It may be useful to indicate how the 
answer to this question leads to formal proofs of Euclid I. 4 and I. 26 
(first case). 


For I. 4 let p and g be given as the lengths of two sides of a triangle, 
and « as the magnitude of the contained angle, and let OX be any half- 
line. Then through O on a specified side of the line that contains OX 
one and only one half-line OY can be drawn so as to make the angle XOY 
equal to «; also there is one and only one point P inOX such that OP =p, 
and one and only one point Q in OY such that OQ =q. Moreover, through 
the determinate points P, Q one and only one line PQ can be drawn. 
Thus the triangle OPQ, fulfilling the required specification, can be con- 
structed in only one way; it follows that all triangles constructed to 
this specification are congruent. If the specification is derived from 
the triangle ABC and applied with D and the half-line containing DH 
to fill the parts of O and OX, and with F determining the side to which 
OY is to be drawn, then (on the assumptions that DH =AB, DF = AC, 
LEDF=LBAC) the triangle DEF does fulfil the specification: this 
triangle is therefore the one triangle of which the general argument 
speaks, and its congruence with ABC is established. 
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In the proof of J. 26 there is one detail of another kind. Supposing 
a length p and two angles «, 8 to be given, then in an arbitrary half~ 
line OX there is one and only one point P such that OP =p, and on a. 
specified side of the line containing OP there are one and only one half- 
line OY such that 2 POY =a, and one and only one half-line PZ such 
that _OPZ=8. Now we have as yet no means of knowing, for assigned. 
values of p, «, 8, whether the half-lines OY, PZ wil! or will not intersect. 
But for the application we have to make, that does not matter in the 
least: on considering the specification as applied to the given triangles: 
with .CBA =L FED =« and . BCA =L EFD =f, we recognise the half- 
lines as those alony which sides of the triangles already lie, and the 
fact that these sides meet is given to us in advance. The reader can 
fill in the outline and complete the proof for himself. 

It DEF were not a given triangle but a triangle that we proposed to- 
construct on the base HF equal to BC, the argument about intersection 
would take a different form. Although we cannot know in advance 
for arbitrary values of p, «, 8 whether to expect intersection, the principle 
of congruence does tell us that if the construction at any one place gives. 

_half-lines which intersect, then the construction with the same values 
of p, «, % gives intersecting half-lines wherever it 1s performed’. When 
the specification is derived from a given triangle ABC, the fact of inter- 
section 7m one position is known, and the fact of intersection in any other 
position can be inferred. 


It will be seen that the foregoing arguments make use of the 
following assumptions: (i) on a given half-line OX there is only 
one point A such that OA has a given length; (i) on a given side 
of OX only one half-lme OY can be drawn so that 2 XOY may 
have a given magnitude ; (ii) through two given points only one 
line can be drawn ; (iv) two lines intersect in only one point. In 
Stage B these assumptions will be adopted as a matter of course: 
and without discussion ; in Stage C the first three may be recognised 
and tabled as axioms, and it can very easily be shown that (iv) 
follows immediately from (i). With this qualification the proofs. 
of I. 4 and I. 26 offered in the later stage may be exactly the same: 
as those just set forth. 

The case of I. 8 is somewhat different. The base AB having 
been drawn (in conformity with axiom (i) above), the sides AC 
and BC are determined by drawing circles of given radii whose- 
intersection marks the apex of the required triangle. In Stage B 
it may be assumed as obvious that the circles will intersect (if 
at all) in only one point on each side of AB; whence it follows. 
that since the given specification can be carried out in only one 
way, all triangles conforming to that specification (?.e. having their 
sides of given lengths) are congruent. But the assumption that. 
circles intersect in only two points, one on each side of the jom 
of their centres, cannot be made without question in Stage C. 
In that stage, therefore, I. 8 will not be proved by direct use of 
the principle of congruence, but will be derived from theorems. 


1In Lobachevsky’s geometry, it is awiomaiic that the ‘ parallel-angle’ is a func-. 
tion of the perpendicular distance alone. 
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already established. The simplest course is either (a) to prove, 
as in Kuclid I. 7, that on a given base there can be only one triangle 
having its sides of given lengths, or (b) to prove by means of I. 4 
and J. 5 that any two triangles are congruent if their sides are 
equal each to each. If the former course is adopted I. 8 is no 
more than a corollary, for when it is known that on a given side 
of AB of length p, not more than one triangle can be drawn with 
its sides of lengths q and 7, the general principle of congruence 
assures us that all triangles drawn to this specification are con- 
geruent. If the latter course is taken, I. 7 should be added as a 
corollary, for as Heath says (op. cit. Vol. I, p. 261) this proposition. 
is more than a mere lemma to I. 8. 


It should perhaps be added that modern logicians find in Euclid’s 
proof of I. 7 so many unexpressed axioms that the argument is repre- 
sented almost as a crude appeal to the figures. Since, on the basis of 
such an appeal, the conclusions themselves of I. 7 and I. 8 would both 
be granted quite readily, the case for deriving I. 8 from I. 4 and I. 5 
and appending I. 7 to I. 8 is strong; it is a comfort that the alternative 
proof of I. 8, though not Euclid’s, is of venerable antiquity. 


There is no reason why, even in Stage C, I. 4 and the first case 
of I. 26 should not be derived independently from the principle 
of congruence. It should, however, be seen that either of these 
theorems can be deduced from the other, the proofs being useful 
exercises in the method of reductio ad absurdum. It is also a good 
exercise to prove that if in two triangles AB=A’'B’, AC=AC, 
ZLA=ZA', and if the resulting equality of 2B to ZB’ and of 
ZC to ZC’ be assumed, the equality of BC and B’C’ need not 
be assumed, but can be proved. This is the well-known method 
followed by Hilbert, who narrows the principle of congruence down 
to the assumption here made, and bases upon it, thus restricted, 
all subsequent proofs of congruence. In the opinion of the Com- 
mittee this is a standard of logical economy which it would be 
unreasonable to require in Stage C, especially in view of the fact 
that it is applicable at this stage to rectilinear figures only and not 
to circles. 

Superposition reappears in the Hlements for the proof (III. 24) 
that if two arcs of equal circles contain equal angles they have 
the same length. As long as we, like Euclid at this stage, have 
no definition of the length of a circular arc, we must appeal to the 
general principle of congruence for the first suggestion ! of a relation 
between lengths of different arcs. We may say that a knowledge 
of the length of the radii and of the angle from one bounding radius 
to the other enables us to identify a sector when we are given 
the centre and the half-line in which one radius is to:lie; that is, 
ares which subtend equal angles at the centres of equal circles are 


' Proofs of the fundamental theorems on circular ares are not required in the 
Cambridge schedule. 
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congruent, and therefore two such ares have the same length. When ° 
at a much later stage we define the length of an arc as a limit of 
a polygonal perimeter, we shall be able to refer to deductions from 
Hilbert’s one axiomatic theorem, and to dispense finally with the 
use of the general principle of congruence, mindful, however, that 
the theorem chosen by Hilbert is axiomatic not in the sense of 
being more evident than theorems that follow logically from it, 
but as being that one of a large number of equivalent theorems to 
which it is most convenient to relate the others. 

It is only for the sake of brevity that nothing has been said of 
solid geometry in this article; the principle of congruence applies 
equally to models and to plane figures. 

A note may be added on the language employed in the proofs 
by the principle of congruence. When we speak of constructing 
a triangle to a given specification, we do not mean that lengths are 
actually measured or angles copied. We assure ourselves that on 
OX there is only one point at a given distance from O, that on a 
given side of OX there is only one half-lme making with OX a 
given angle, and so on; the argument does not require us actually 
to determine this point and draw this line, or even to know how 
they could be determined and drawn. In short, the constructions 
are ‘hypothetical’, and are spoken of merely for the sake of the 
superior vividness of language couched in terms of action. That 
is why the phrase ‘ instructions that would direct attention to’ a 
specific triangle has been used in the explanation of the method. 
The triangle is already there, and to speak of ‘ constructing ’ it is 
only a convenient way of directing attention to it. 


III. (2). The Motion of Figures. It is possible to group the ele- 
mentary propositions on lines and circles round a discussion of 
translation and rotation. Everyone wishes sometimes to speak of 
a triangle with its base fixed and its,..vertex moving in some pre- 
scribed fashion: for example, along a line parallel to the base, 
or along an arc of the circumceircle. And in studying the imversion 
of a line into a circle, to avoid saying that one point describes the 
line while the other describes the circle would be foolish. From 
these instances it is evident that although, if he is assured by the 
examiner that no proofs are to be demanded of Euclid I. 4 or III. 24, 
the teacher has no motive to join battle with the logician on behalf 
of the method of superposition itself, his attitude will change it 
his right to make geometrical use of the idea of motion is challenged. 
We propose to consider how this right can be maintained. The 
question, like some of the others discussed in the present section 
of the Report, is difficult, and probably most teachers will be con- 
tent with an assurance that the conclusion is satisfactory ; no 
modification of the existing practice is necessary. Teachers who 
wish to master the arguments for themselves will hardly need 
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to be reminded that the followmg analysis is not designed for 
reproduction in the class-room. 

We have to distinguish between two uses of the word ‘ motion ’ 
in geometry. The first use occurs when we speak of the motion 
of a geometrical figure from one position to another and assume 
that the figure is in some sense unchanged. This is the motion to 
which Russell refers in another criticism of superposition (Principles 
of Mathematics, 1903, p. 405): ‘‘ To speak of motion implies that 
our triangles are not spatial, but material. For a point of space 
ws a position, and can no more change its position than a leopard 
can change his spots. The motion of a point of space is a phantom 
directly contrary to the law of identity : it is the supposition that 
a given point can be now one point and now another. Hence 
motion, in the ordinary sense, is only possible to matter, not to 


space. . . . The factis that motion, as the word 1s used by geometers, 
has a meaning entirely different from that which it has in daily 
life. . . . Motion is a certain class of one-one relations ” between 


classes of points, and ‘“‘a motion presupposes the existence, in 
different parts of space, of figures having the same metrical pro- 
perties, and cannot be used to define those properties.”’ 

In saying that a figure S moves unchanged into a position S’, 
we use an analogy from the motion of a material rigid body. We 
are accustomed to the motion of a body, such as a chair, that is 
regarded as rigid, from one position to another, and we have no 
hesitation in ‘ attaching’ a geometrical figure to a material body 
in any position ; we may speak, for example, of the quadrilateral 
formed by the centroids of the legs of a chair. If the rules by 
which the figure is attached to the body contam no reference to 
the position of the body im space, we allow the physical identity 
of the body to confer a spurious identity upon the figure, and in- 
stead of saying that our attention is removed from the figure S 
attached to the body in one position to the corresponding figure 
S’ attached to the body in another position, we talk of a figure 
that has moved. Since the body is assumed to be rigid, the figures 
S, S’ are congruent, and we say that the figure has not changed 
in moving from S to S’. 

In the case we have been describing, only two positions of the 
‘moving figure’ have been mentioned; we have concentrated our 
attention on two positions of the material body, without enquiring 
into the paths along which the points of the body have travelled. 
By referring to the paths we imtroduce the second meaning of 
motion, and this is the one that the teacher is really concerned to 
retain; for example, if two points of the chair have been fixed 
throughout, he wants to be able to say that each ‘ point’ of his 
figure has ‘ moved ’ along a circular arc. 

There is nothing in the criticism of superposition to prevent 
this form of language. To the mathematician, a moving body 7s 


C 
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a body whose positions are correlated with those of a real variable, 
and a moving point 7s a correlation between some class of positions 
m space and some range of values of a real variable. If the name 
of ‘ time ’ is given to the variable, that is only, in Newton’s phrase?, 
‘for the sake of perspicuity and distinction *, and no logical de- 
pendence on physical motion is involved even remotely. There 
are difficulties in the general conception of a variable in mathematics, 
but in school work we have as much right to ignore these in geo- 
metry as in algebra; there are none which are peculiar to the 
cases in which a point is one of the variables. 

The idea of a moving point gives rise at once to an idea of a 
moving figure that has nothing whatever to do with the principle 
of congruence. For example, if A, B, C are three points that are 
moving simultaneously, that is to say, three variable points whose 
positions are associated with the values of the same variable ¢, 
then to a definite value p of ¢ there correspond definite points A,, 
B,, C, m1 space, and the triangle 4,B,C, is a definite triangle 
associated with the real number p. "To say that there is one tri- 
angle A,B,C, associated with each arbitrary value p of ¢ is only 
one way of saying that ABC is a moving triangle whose position 
varies with ¢. 

The correlation of several different moving points or figures with 
the same variable implies a system of correlations of these points: 
or figures with one another. It is this system of correlations that. 
is the concern of geometry; the introduction of the variable, 
explicitly or implicitly, may be compared with the mtroduction 
of a symbol for the common value of a number of ratios in the 
usual proofs of such algebraic propositions as ‘ If «:a=y:6, then 
each ratio is equal to x+y:a+6,’ for in each case we investigate: 
relations between things in which we are interested by considering 
their several relations to something that would not be introduced. 
for its own sake. 

The ideas of congruence and motion are independent : on the 
one hand, to recognise two isolated figures as congruent it is not 
necessary to think of a motion from one to the other; on the other 
hand, a moving figure may be one in which measurements do not 
remain constant. The combination of these two dependent ideas 
is the origin for geometry of the fruitful idea of rigidity. To the 
child’s mind, rigidity js a recognisable quality which rulers possess 

i... In what follows I shall have no regard to Time formally consider’d,. 
but I shall suppose some one of the Quantities proposed . . . to be increased by 
an equable Fluxion, to which the rest may be referr’d, as it were to Time; and 
therefore, by way of Analogy, it may not improperly receive the name of Time. 
Whenever therefore the word J'ime occurs in what follows, (which for the sake 
of perspicuity and distinction I have sometimes used,) by that Word I would 
not have it understood as if I meant Time in its formal Acceptation, but only 
that other Quantity, by the equable Increase or Fluxion whereof, Time is ex- 


pounded and measured.” The Method of Fluxions and Infinite Series, Introduction, 
$59, Colson’s translation, 1736. 
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for purposes of practical geometry—though not when used as 
ballistae !—and figures are congruent if measurements with the 
instruments at his disposal fail to reveal internal differences. For 
theoretical geometry, at the same level, size is an intrinsic attribute 
of figures, and a body is rigid if any two figures which it fits are 
congruent. There is no contradiction between the two views, 
which describe the same relation between congruence and rigidity, 
but the axiom ‘ Wood and celluloid are rigid substances’ is out of 
place in an abstract science, and the axiom ‘ There are figures 
congruent with any given figure ’ is not. 

Once it is understood that the idea of rigidity presupposes the 
existence of congruent figures, no restriction need be set on the 
use of rigid moving figures; translation and rotation may be 
analysed in a few incidental riders, or may constitute the back- 
bone of the course, according to the taste of the teacher. 


IIf. (3). The Principle of Similarity and the Parallel-Postulate. In 
the course of the discussions and experiments of the last twenty 
years one opinion, at least, has steadily gained ground among 
teachers of mathematics, and may be said to be now generally 
received: namely, that the treatment of similar figures should 
hold both an earlier and a more important place than it could 
enjoy under the Huclidean régime. That opinion is accepted by 
the Committee as sound, and is indeed implied by their insistence 
upon the value, during the earlier stages, of plane-table work, 
model-making, and other exercises in drawing to scale. As the 
result of everyday geometrical experience, deepened and sharpened 
by such exercises, the pupil in Stage B should be ready to appreciate 
the followimg generalisations : 

(1) Any figure (plane or solid) can be exactly reproduced any- 

where. (‘ Principle of Congruence.’) 

(2) Any figure can be reproduced anywhere on any enlarged or 

diminished scale. (‘ Principle of Similarity.’) 
Moreover, he should be ready to formulate precisely the several 
sets of conditions which suffice to determine the congruence and 
the similarity of triangles, and to apply them in the deduction of 
geometrical truths. 

We have now to inquire what place is to be assigned to the 
principle of similarity in the organisation of theorems which is 
to be the main work in Stage C. As everyone knows, Euclid erected 
his system upon three distinct geometrical bases, consisting of 
(i) certain assumptions about the nature and properties of lines 
and planes 1, (u) the principle of superposition, from which he de- 
duced the conditions for the congruence of triangles, and (ili) the 


1 The assumption that lengths and areas are magnitudes, in the sense that the 
ideas on magnitude in general which are introduced in Book V are relevant to 
them, belongs to this group. 
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* parallel-postulate ’, which is now generally modified ! to the shape 
known as Playfair’s Axiom. From these assumptions he deduced 
the whole of his theorems, including the doctrine of similar figures. 

The properties of lines and planes have been submitted to an 
immense amount of patient and subtle analysis during recent years ; 
but though the broad results of this analysis may usefully affect 
a teacher’s treatment of the subject, any formal consideration of 
them should certainly be left to Stage E. The question of con- 
gruence and superposition has been considered in §III, 1. The 
issue here to be debated narrows, therefore, to the question whether 
the parallel-postulate should retain its ancient position or be dis- 
placed by some suitable formulation of the principle of similarity. 
In other words, should we still use the parallel-postulate to prove 
the existence and properties of similar figures, or should we, postu- 
lating the existence of similar figures, deduce therefrom the existence 
and properties of parallels ? 

The inversion of a procedure hallowed by centuries of acceptance 
must not be proposed without good reasons; it has, however, 
been contended that in this case there are reasons weighty enough 
to justify it. Briefly stated they are as follows: 


(i) It is agreed that elementary geometry should be taught not 
as an abstract logical system but as the science of observed 
space. If so, the formal treatment of the subject should be 
based upon observations which are as obvious, as familiar, 
and as striking as possible. There are none more obvious,’ 
familiar, and striking than the observations (a) that figures — 
(e.g. the figure of a penny or a chair) may be reproduced 
endlessly without change in size or shape, and (5) that the 
plan of a figure (e.g. the plan of a house) may be realised in 
an endless variety of scales. These facts should, therefore, 
be taken as the formal basis of the geometrical argument, 
at any rate in an elementary treatment. 


(1) If this policy were adopted, the formal work would be brought 
into closer relations with the practical exercises of the earlier 
stages; for there the solution of problems by means of 
similar figures plays a part even more important than the 
construction of congruent figures, while the construction and 
properties of parallels come in only in a subsidiary way. 

(iii) Conversely, the adoption of the policy advocated would tend 
to strengthen the position of similar figures in the earlier 
stages. 

(iv) It would also make the formal treatment itself much more 
clear and symmetrical. There is no visible kinship between 
the postulate of congruence and the parallel-postulate; but 


1 For Euclid’s formulation of his Fifth Postulate (which was known to many 
generations of English scholars as the Twelfth Axiom), see Appendix. 
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the postulate of similarity resembles and supplements the 
postulate of congruence in an obvious way that is gratifying 
to the aesthetic sense. 


(v) From the logical standpoint it is important that the two 
initial postulates should be clearly seen to be independent 
of one another. The independence of the postulate of 
similarity can be made acceptable by very simple means. 

For this purpose properties of a spherical surface may be contrasted 
with those of a plane. The surface of a sphere, like a plane, is uniform 
and so permits of the indefinite repetition of the same figure in different 
situations. But if an attempt be made to reproduce a given spherical 
triangle on an enlarged scale, it becomes evident that, in some cases * 
at any rate, the lengths of the sides can not be multiplied arbitrarily 
without a change in the magnitude of the angles. Thus a spherical 
surface resembles a plane in admitting congruent figures, but differs 
from it in not admitting similar figures. It follows that there can be 
no necessary connection between the properties of congruence and 
similarity. Actual space does appear to possess both properties, but 
it might conceivably have been natural for us to attribute to space the 
first property without the second. 


(vi) Lastly, the new plan has over Euclid’s an important psycho- 
logical advantage. In the Llements the parallel-postulate 
makes its entry in I. 29, where it is used to prove the con- 
verse of I. 27. Now, as all teachers know, a beginner does 
not readily appreciate the necessity for proving a converse ; 
consequently the far-reaching significance of the assumption 
about parallels tends to be overlooked. This can hardly 
happen in the case of the postulate of similarity. 


The foregoing arguments, however strong in themselves, could 
not determine the question if it could be maintained against them 
that the parallel-postulate is much simpler than the postulate of 
similarity, or that proofs based upon the latter are much harder 
than those now generally in use. As regards the first point, it 
should be noted that some eminent mathematicians—for example, 
Wallis, Laplace, and Clifford—have definitely pronounced in favour 
of the postulate of similarity. But if it were not so, if a sceptical 
philosopher could show that it is easier to doubt it than to doubt 
the parallel-postulate, its claims, from the teaching standpoint, 
would hardly be affected. For no schoolboy could be made to 
doubt (for instance) that a perfect model of his favourite locomotive 
engine or battleship could be made on any scale whatever. To 
him it is a truth quite as evident as Playfair’s Axiom and much 
more interesting. 

As regards the second point, it has to be remembered that Huclid’s 
method of treating similarity has been, in its strict generality, 

1 For example, a small equilateral triangle can not resemble a triquadrantal 


triangle in having its angles right angles; the argument does not require the 
assertion that it is ‘ evident’ that no cases of similarity can occur. 
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abandoned on account of its difficulty, and has been simplified, for 
school use, by the unfortunate assumption that all magnitudes 
may be treated as commensurable. But if the proofs of the con- 
ditions of similarity between triangles are based directly upon the 
assumption that figures similar to a given figure exist upon every 
possible scale of magnitude, this weakness in current procedure 
may be avoided. For example, given that in two triangles 4 BC 
and A’B’C’ the angles at A’ and 8’ are respectively equal to those 
at A and B, the similarity of A’ B’C’ to ABC can be proved by the 
followmg argument. Take a line A” B” of length equal to 4’B'; 
then by the postulate of similarity there exists upon A” B” a triangle 
whose angles at A”, B’, C” are equal respectively to those at A, 
B and C, while the sides B’C”, C”A” bear to BC and CA respectively 
the same ratio as A”B” bears to AB. Now, it can easily be proved 
that A”B"C” and A’B’C’ are congruent, and hence, if the idea of a 
ratio is defined as including the property that equal magnitudes 
bear the same ratio to a third magnitude of the same kind, that 
A’ B'C’ is similar to ABC; and this may be done without entering 
into the question whether the ratio of A” B” and A’B’ to AB is or 
is not capable of measurement by a number. When the conditions 
determining the similarity of triangles have been established, it is 
easy to derive the ordinary theorems about parallels and intercepts. 
The following are instances of the type of proof required in 
demonstrating the transversal properties of parallels : 
({) Let the transversal ABC cut the lines BX, CY in such a way as 
to make the exterior angle ABX equal to the interior opposite angle 


ACY. Then BX, CY cannot meet on the side of ABC on which these 
equal angles lie. For if possible let them meet in D. Then the triangles 


Fia. 3. 


ABD, ACD are? similar triangles on AB, AC, and it follows that the 
angles ADB, ADC are equal. But this is impossible; hence BX, CY 
cannot meet on this side of the transversal. 


Logically, this example raises a very interesting question. The pro- 
position, Euclid I. 27, depends ultimately on the axioms that a line 
divides a plane into two parts and that two lines cannot enclose a space. 
These axioms are deducible from the principle of similarity, but they 


1 In greater detail, if there is a triangle on AC similar to ABD, this triangle 
must have an angle at A equal to BAD and an angle at C equal to ABD. But 
(i) the general principle asserts the existence of such a triangle, (ii) the data identify 
the triangle with ACD. 
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are not inseparable from this principle, and I. 27 is true in hyperbolic 
geometry as well as in Euclidean. It follows that any treatment of 
geometry in which the dominating motive is to expose logical structure 
naturally agrees with Euclid in proving I. 27 before dealing with parallels 
at all. On the other hand, the axioms are independent of the principle 
of congruence, and in a school course, where logical structure is by no 
means dominant, if it is misleading to prove I. 27 with its scope narrowed 
to that of the principle of similarity, it is more dangerously misleading 
to deduce the proposition from unexpressed axioms in such a way that 
the scope appears to be that of the principle of congruence itself. 


(II) Suppose next that a transversal ABC makes the exterior angle 
ABX greater than the interior opposite angle ACY. Then BX and CY 
must intersect. For, take an arbitrary point S in BX, and join CS; 
then the angle ACS is either (i) greater than, (ii) equal to, or (iii) less than, 
ACY. Incase (i), there is a point H between B and S such that the angle 
ACH is equal to ACY, and CY cuts BX in this point H. In case (ii), 
CY cuts BX in S. In case (iii), the angle ACY, which by hypothesis is 
less than ABX, that is, than ABS, is an angle between ABS and ACS, 
and there is, therefore, at least one point K between B and C such that 
the angle AKS is equal to ACY ; the triangle on BC which is similar to 
the triangle BKS on BK has BX and CY for its sides, and therefore in 
this case also CY cuts BX. 

The conclusion reached in this example is equivalent to Euclid’s 
parallel-postulate, which is indispensable as a criterion in elementary 
constructions, and ought therefore to be established as a proposition in 
any sequence which does not adopt it as a basis. 

(III) With the same hypothesis as in the first example, let a second 
transversal through A cut the lines BX, CY in H, F. Then the angles 
ABE, ACF are either the equal angles ABX, ACY or the supplements of 
these equal angles, and in either case they are equal to each other. Hence 
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ABE, ACF are similar triangles on AB, AC, and therefore the angle 
AEB, AFC are equal. That is, if the lines BX, CY are cut at the sam 
angle by one transversal ABC, they are cut at the same angle by any 
transversal through A. The modification for transversals that cut ABC 
between B and C is evident, and the extension to transversals that pass 
through B or C or do not cut ABC at all can be made in various ways. 

It may be noticed that this third example follows from the first two 
logically, that is, without reference to its geometrical content. Deduction 
of this kind is foreign to the spirit of Euclid himself, but when available 
it has the advantage that there can be no exceptional cases for which 
‘special artifices are required. 
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Occasion should, perhaps, be made to introduce explicitly the theorem 
that if two lines are parallel, any line which cuts one of them cuts the other 
also. With the Euclidean definition of parallels, this is simply Playfair’s 
Axiom, and is taken for granted, as Proclus remarks, in I. 31. But with 
any other definition, one is easily misled by the associations of the word 
‘transversal’ into assuming the result prematurely and describing 
vicious circles in consequence. 

The results obtained in these three examples together compose 
the Euclidean foundation (1. 27, Post. 5, and I. 29) for the theory of 
parallels. Hence the teacher who wishes to use the notion of similar 
figures in Stage B, but prefers a familiar sequence for Stage C, has no 
need either to retrace his steps or to adopt a fundamental hypothesis 
which will seem to his students entirely unlike that of their previous. 
work. Moreover, he will notice that in recovering the Huclidean 
foundation in this way, he has to use not the general principle of 
similarity, but only the particular assumption: On any base there 
is a triangle equiangular with any given triangle. There is an 
irreconcileable divergence of aim between the pedagogue who wishes. 
the basis of his teaching to be as broad as possible and the logician 
whose greatest triumph is to make one axiom serve where two have 
previously been used. But from the learner’s point of view there 
is much to be gained if each narrower basis is conspicuously a part 
of the broader basis which it is to replace, and it is in this relation 
that the assumption of equiangular triangles 1 stands, and Kuclid’s 
postulate does not stand, to the work of the early stages. 

Whether the fundamental hypothesis is Euclid’s or Playfair’s, or 
is the assumption that triangles equiangular with a given triangle 
exist, the conception of ratio 1s not involved, and the development 
of the theory of parallels and transversals is independent of the 
extent to which this conception is submitted to analysis. But in the 
theory of parallels and intercepts, the comparison of ratios is the 
essence of the subject. Narrowed to an assumption about equi- 
angular triangles, the principle of similarity stands on the same footing 
as Postulate Five or Playfair’s Axiom in dealing with ratios; but if it 
can be maintained that the broad principle of similarity is intelligible 
in advance of the theory of the measurement of ratios, it becomes. 
possible to deal with parallels and intercepts early in Stage C, with- 
out making even tacitly an assumption of relative commensurability. 

In face of the considerations here adduced, the Committee has 
abstained from making any recommendations incompatible with the 
assumption of the principle of similarity as one of the bases of 
the systematic treatment of geometry in Stage C, and hopes that 
well-considered experiments will be undertaken to test the claims. 
made on behalf of the method. 


ITI. (4). Directions ; Parallels and the Angle-Sum. ‘The sugges- 


1 Saccheri, commenting on Wallis’ suggestion to assume the existence of similar 
figures, proved that it is sufficient to assume the existence of a single pair of unequal. 
triangles with the same three angles (Huclides ab omni Nevo vindicatus, Prop. 21, 
Schol. 3, 1733). 
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tion that there is an instinctive idea of direction on which the theory 
of parallels can be based has often been countered ; a discussion 
with abundance of detail is to be found in Dodgson’s Euclid and 
his Modern Rivals?. But an endorsement of this method in a 
circular issued by the Board of Education in 1909? indicates that 
mention of the matter here is likely to be useful to teachers. 

The argument does not require us to dispute that a rudimentary 
idea of direction at or from a point is as valid as any other of the 
ideas with which geometry begins. Nor is there any difficulty 
about comparing an angle between two directions at one point with 
an angle between two directions at another point. 

Trouble comes if we attempt to identify a direction at one point 
with a direction at another. If A, B are distinct points, the only 
directions at B which, in advance of any theory of parallels, it is. 
even plausible to compare directly with directions at A are those 
along the line AB; let us admit that these are the same at B as 
at A, that is, that directions belong to a line and that a line has 
the same pair of directions at all its points. 


Fig. 5. 


Now, let 4 be a given directed line through 4, in a given plane 
through A and B, but not in the lme AB itself. How are we to. 
find a line through B with the same direction as 4?  ‘ Obviously’, 
by replacing AB by a directed line o and taking the directed line 
v. through B which is such that an angle from o to pv at B is equal 
to an angle from @ to A at A. But now let C be any point on A 
and D any point on ».; to suppose that the direction of p at D is 
the same as the direction of 4 at C, according to the criterion by 
which uw has been constructed, is to assume that A and yu are equally 
inclined to a direction of CD. 


11879; second edition, 1885. Act II, Scene V is entitled ‘ Treatment of Parallels: 
by direction ’, and the subject occupies pp. 76-106. 

2In referring to Circular 711 only where we have differences to express, of 
practice, in § II, 1 and of principle in the present article, we run the risk of con- 
cealing our admiration for that document, from which we might have quoted 
sentence after sentence in support of views that, for convenience, we have expressed. 
in our own words. 
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That is, the idea of direction that it is proposed to regard as 
intuitive is self-contradictory without the axiom that 

‘If two directed lines are equally inclined to one directed trans- 
versal, they are equally inclined to any other directed transversal.’ 

Without this axiom, we have neither construction nor test by 
which directions at different points can be identified ; if the axiom 
is granted, the theory of parallels is easily developed, but the whole 
advantage of appeal to an intuition disappears. 

Another line of approach is not more successful. Let J be a 
given line through A, distinct from AB, and let C be a point of l. 
Then the directions of BC at C are different from those of I at C, 
and therefore, on the assumption that lines maintain their directions, 
the directions of BC are different from the directions of |. It follows 
that the line through B with the same directions as |, whose existence 
and uniqueness we are assuming to be known instinctively, is a 
line through B which does not cut /. To suppose the line de- 
terminable by this property is to adopt Euclid’s definition of parallels 
and Playfair’s Axiom. 


To sum up, the idea that is intuitive is of direction at a povnt ; 
to identify directions at different points it is necessary to be ac- 
quainted already with one or other of the characteristic properties 
of parallel les. It need hardly be said that when parallelism zs 
familiar, the notion of direction is invaluable. 


Closely related to the directional theory of parallels is the rota- 
tional proof that the sum of the external angles of a convex polygon 
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is four right angles. It is worth while to discover the geometrical 
essence of this proof; for the sake of brevity, we consider only a 
triangle ABC. 

To measure angles in rotations about the points A, B, C, describe 
with these pomts as centres three circles, sufficiently small to be 
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mutually external. Let these circles cut CA produced, AB pro- 
Graduate the circle 


duced, and BCU produced, in O,, P,, and Qs. 
In order to add the external angle 


round A from the point O,. 
at B to the angle O,AB, graduate the circle round B from the 


point O, which is such that the angle O,BP, is equal to O,AB. 
Finally graduate the circle round C from the point O, which is 
such that the angle O,CQ, is equal to O,BC. Then the theorem 
to be proved is-that O,, so constructed, isin CA. When the notion 
of adding rotations is analysed in this way, the plausibility of the 
proof disappears ; of course it is easy to deduce that O, is in CA 
from considerations of parallelism, but this is virtually to use Huclid’s 
method of proving I. 32. 

The process of rotation may be interpreted in another way, as 
operating in each case on the whole triangle. But in this case 
the triple rotation is not in any sense equivalent to a complete 
rotation round one vertex, but leaves the triangle with two of its 
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vertices moved backwards along the side to which they both belong 
through a distance equal to the perimeter of the triangle. Since 
the operation of triple rotation can be performed as well on a 
spherical triangle as on a plane triangle, the conclusion for a plane 
triangle must depend on some principle which is entirely concealed 
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in this form of proof, and to bring this principle to light is to rob 
the proof of the simplicity which is its only claim to attention. 

One proof to which no objection can be taken may be claimed 
as a version of the rotational proof. Through a fixed point O are 
drawn rays Ox, Of, Oy in the directions of the sides BC, CA, AB, 
and the external angles of the triangle are equated to the angles. 
BOy, yOu, «O68. But there is no attempt here to conceal the draw- 
ing of lines through different points with a common direction ; the: 
dependence on the theory of parallels is flagrant. 

An equally simple proof that is unimpeachable is obtained by 
remarking that if fF, D are points n AB, BC produced, and JA’, 
B’, C’ are the external angles, then BF makes an angle A’ with 
every parallel to CA, and CD therefore makes an angle A’+ B’ 
with every parallel to the same line. 

The last four paragraphs will explain the point at which the 
walking of boundaries has been inserted in the specimen schedule 
for Stage A in this Report (§ II, 2 above) ; it is the earliest point 
where the operation could be related validly to the theorem which 
it is commonly used to introduce. If the teacher chooses, as many 
do, to take this operation sooner, he should realise in making the 
choice that until something is known about parallels the argument 
must be imperfect. 

III. (5). Limits. The problem of the legitimate use of limits 
in elementary geometry is an important and difficult one. The 
points at issue may be illustrated by the two proofs (see figures) : 

(A) Because there are right angles in Ia, THEREFORE there are 

right angles in Id. 

(B) Because there are equal angles in Ila, THEREFORE there are: 

equal angles in IIb. 


Ta 
Ila lle 
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It is agreed on all sides that a Newtonian or Weierstrassian 
treatment of limits is out of the question. And the teacher of 
geometry should adapt to his own subject Chrystal’s warning ! 
to the student of algebra, to remember “ the obvious truism that 
one can prove no property of a function that has not been defined ”’. 
But if so much is granted, what is the force of ‘ therefore’ in the 
two proofs (A), (B)? No schoolboy is expected to establish, or 
even to enunciate, general theorems which would render these 
deductions valid; without precise definitions of the concepts in- 
volved, proof is impossible, and mere enunciation of a general 
theorem seldom adds force to the use of a principle in particular 
CASES. 

What then are the grounds on which the early presentation of 
the tangent as a limit 1s commonly advocated ? Four arguments 
may be considered : 


(i) That the properties of tangents are in fact suggested naturally 
and correctly by properties of chords without any analysis 
of the ideas of limits and continuity. 


(11) That the conception of a tangent as a limit is essential to 
the appreciation of the cohesion of geometry. 


(iii) That the method fundamental in later work can not be 
made familiar too soon. 


(iv) That in most cases the proofs that use limits are the only 
ones that follow directly from chordal proofs. 


Now when we have admitted, in discussing the progressive changes 
in the boy’s attitude to geometry, that exploration may precede 
formal proof and may employ methods which are not to be scrutinised 
till long after they have been used, we have in effect found a field 
in which the first argument can be allowed full play. The severest 
logician can tolerate the use of limits in the early stages for the 
suggestion of the properties of tangents if he knows that his right 
to criticise their use in work that pretends to rigour is not impaired. 
And the practical teacher can listen gratefully to reason if he is 
assured that the claims of intuition to be an efficient guide within 
its proper territory are not being challenged. 

As for the second argument, to realise unity what we require is 
not the proofs (A), (B) but only comparisons which nobody can 
think odious : 

(P) There are right angles in Ia, anp there are right angles 

in Ib. 

(Q) There are equal angles in Ila, anp there are equal angles 

in IIb. 

Thus only the last two of the four arguments really bring us on 
to the disputable ground of the place of limits i proofs, and agree- 


' Algebra, Vol. II (1889), Preface. 
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ment as to their weight is not an urgent practical necessity. A 
course in which properties of tangents are suggested by those of 
chords, proved without reference to limits, and then shown in 
deliberate comparison with the properties that have suggested them, 
may be welcomed as a compromise even by teachers who do not 
agree that it is theoretically the best. 


Some teachers, however, and particularly those whose pupils will in 
due course be reading beyond the range with which this Report deals, 
may be interested in an examination of the more technical arguments 
(iii) and (iv). 

The apparent strength of (iii) depends on an oversight. It is simply 
not true that tangents to conic sections are introduced invariably, or 

_ even most frequently, by a limiting process. We find the tangent at a 
point (p, g) on the conic 
ax? + by? =1 
from the equation 


a(p+r cos 9)?+6(q+r sin 6)?=1, 


not by asking to what value tan ®@ must tend in order that the value 
of r given by 


r(a cos? 0-+-D sin? 0)+2(ap cos 0+6q sin 8) =0 


may tend to zero, but by asking what value tan @ must fave in order 
that the value of r may be zero. And again, we find the condition that 
the line AB should touch this same conic without mention of limits by 
considering the relation between the coordinates in order that the 


equation 
ALat een Ge aft une) y 
a eae i +b{ ~——_—=- }) =1 
taken in the form 
A(Av4 + eg)? +B AYs + ys)? =(A+ pL)? 
may have equal roots in A: u. 


That is, analytical geometry has two distinct ways of dealing with 
tangents, one that depends only on the easy idea of repeated factors. 
or roots, and one that involves the notion of a limit. Pure geometry 
has two corresponding methods, and the simpler, which for the conic 
depends virtually on Euclid’s definition of a tangent, is not to be banished 
in favour of the more difficult for any but the most substantial reasons. 
The natural plan would be to start with the simpler conception, and to 
bring the more difficult into play at about the same time as its analytical 
equivalent, that is, when algebra is merging into analysis and the begin- 
nings of the calculus are in sight. 

The evidence for the fourth argument is difficult to appraise. Proofs 
by limits are not always more economical than other proofs, nor are 
they the only proofs which can be framed systematically. Sometimes 
the chordal proof is applicable literally to the particular case of a tangent, 
and when the proof is not applicable, it is often possible to circumvent 
the difficulty by a convention or by a reductio ad absurdum. 

An example of the latter process occurs among the propositions quoted 
in §I, 5 above. If BZ’ is specified as the line such that (AB, BT’) is. 
congruent with (AP, BP), then if 8 is any point on BT other than B, 
(AS, BS) is not congruent with (AB, BT). that is, not congruent with 
(AP, BP). Hence by the general theorem, established for distinct positions: 


THE TEACHING OF GEOMETRY IN SCHOOLS 47 


of A, B, P, S, there is no point of B7' other than B which belongs to the 
circle ABP: the line BT satisfies the Euclidean definition of a tangent. 
This argument brings the tangent as closely into relation with the chord 
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as an argument from limits, and is incomparably more instructive than 
one in which the meaning of limits and their fundamental properties 
are alike secret. 


The conclusion to which the Committee is driven is, that there 
is no need to discourage the use of limits in the informal stages 
of geometry, but that they are not suitable at the stage of formal 
demonstrations. Generalisations should always be as wide as the 
state of knowledge permits, but tangents should be included when- 
ever possible as particular cases, not as limiting cases, of chords. 

Where limits are used, general theorems upon them are to be 
accepted implicitly, like general theorems on congruence and 
- similarity, as unrealised axioms. If the boy, in his later formal 
work, asks if properties can not be proved as well as suggested by 
means of limits, it is not hard to persuade him that the idea of a 
limit must be made precise if such proofs are to be cogent. And 
herein lies the difference between the general theorems on limits 
and those others on congruence and similarity which are accepted 
in the first two stages and analysed in the third: it is not the 
proofs which we suppose to be beyond the student’s grasp, but the 
mathematical meaning of the terms involved. It is for this reason 
that the plan of taking the theorems as explicit instead of implicit 
axioms fails to meet the difficulty. 

_In the stages at which limits are used instinctively, it is artificial 
to adopt a narrow basis. Instinct compels the wide assumption 
that if two points P, Q of a circle tend in any manner to a pomt 4, 
the line PQ tends to occupy a definite position, that of the tangent 
at A. By noticing that if instead of a circle we have a curve with 
an angle at A, the assumption can not be made if P, @ tend to 4 
from opposite sides, we come to feel that the assumption embodies 
in some way the smoothness of the circle. 

The question of the definition of the tangent to ‘a circle that 1s 
to be fundamental in Stage C is emphatically one for the individual 
teacher. It is in the examiner’s own interest that questions on 
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the elementary properties of the tangent should demand rather 
the reconciliation of two properties than the proof of one; for 
example, ‘“‘ The only line through a point P of a circle which con- 
tains no point of the circle except P is the line through P perpen- 
dicular to the radius ” is free from ambiguity, and no pity need be 
wasted on a candidate who supposes the proposition proved by 
the bald assertion that both properties are characteristic of th 
tangent. ' 


ITI. (6). Symmetry. Symmetry should have a larger place in 
teaching than has been usual. It is a conspicuous quality both of 
the things around us and of many geometrical figures with which 
we deal. It is not less worthy of notice and study than other 
properties such as congruence and similarity ; in fact itis a particular 
arrangement of congruent figures. 

Symmetry has been neglected partly because Euclid did not 
refer to it, and partly from a feeling that proofs by symmetry are 
loose and are likely to be misused. There is indeed something to 
be said for.this view. It would be easy to draft a rigorous set of 
definitions and theorems on symmetry, but this is not the best 
way of presenting the subject in elementary teaching. What should 
rather be cultivated is a sense for symmetry. It is a property 
which should enable the student to appreciate immediately certain 
facts about the matter in hand ; but the Committee does not recom- 
mend it for purposes of formal proof. Accordingly we do not 
propose that, in the formal Stage C, proofs by symmetry should 
replace the usual proofs by congruence. It is chiefly in the in- 
formal development in Stage B that symmetry should be used. In 
this stage a child should be led up to the propositions by the shortest 
and most convincing way. In many cases symmetry provides such 
a way. For instance the chord and diameter property of a circle 
follows from the obvious fact that a circle is symmetrical about a 
diameter. This consideration should be enough in Stage B; and 
in Stage C the same fact may be established more formally by 
congruence. Again, from the symmetry of a pair of circles about 
the line of centres, it follows immediately that the common chord 
is bisected perpendicularly by the line of centres, and, in the limiting 
case, that the common tangent to touching circles is perpendicular 
to the line of centres. In Stage C we prove the same properties 
without reference to symmetry. 

These instances suggest that the free use of symmetry in Stage B 
has several advantages. (1) The main point is that the idea itself 
becomes familiar and useful. (2) Progress is more rapid and thus 
interest is maintained. The proof of a large number of fairly 
obvious theorems by the deliberate method of congruence becomes 
wearisome ; many of these theorems are just interesting enough 
for rapid treatment. (3) The reversion to proofs by congruence 
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in Stage C (where attention is concentrated more on the logic than 
on the facts) should allay the anxieties of those teachers who fear 
that proofs by symmetry will encourage hazy reasoning. 

For elementary purposes two kinds of symmetry should be 
recognised in plane figures, symmetry about a line and symmetry 
about a point (T and S symmetry). It should also be seen that 
in space there are three corresponding forms: namely, symmetry 
about a plane, about a line, and about a point. There is indeed 
a good deal to be said for introducing the idea of symmetry by 
means of solid figures. 

With beginners, line symmetry (in a plane) or plane symmetry 
(in space) may be exhibited as the property of a figure such that 
one half of it, on one side of the line (or plane), is the image of the 
other half, on the other side of the line (or plane). But it will 
become evident almost at once that language is made unnecessarily 
awkward if this pomt of view is adopted exclusively. The relation, 
for example, of a pair of intersecting lines p, q to one of their angle- 
bisectors, is obviously better expressed in the simple form that 
each line is the image of the other than in the primitive form that 
the halves of p and g on one side of the bisector are the images 
of the halves of g and p on the other side. And so, except at the 
very outset, the symmetrical figure will tend to be shown as resoluble 
into interlaced halves. In such a figure, then, every point, every 
line, and, in the case of a solid, every plane, has its image, and 
simple and interesting results follow ; for example, the line joming 
any point and its image is bisected by and perpendicular to the 
axis (or plane) of symmetry; a line and its image intersect on 
the axis (or plane) of symmetry, and a plane and its image intersect 
in the plane of symmetry. 


The teacher will recognise one aspect of this matter, on which of course 
he will not dwell now with his class, though it may be recalled later. 
We have before us an early and easy example of a phenomenon recurrent 
in mathematics: complication in concepts as the price of simplification 
in relations. Nobody denies that the idea of a positive or negative 
number is intrinsically more complicated than the idea of a signless 
number, but operations among signless numbers are subject to incon- 
venient restrictions from which corresponding operations among numbers 
with sign are free. In the present case, the confusion of replacing a 
figure which is confined to one region and reflected into a figure in a 
distinct region, by a figure anywhere with an image that may overlap 
it, is repaid by the simplicity and generality with which mutual relations 
can be expressed. 


Line symmetry may be used as a means of approach to certain 
facts ; for example, the properties of an isosceles triangle, the two 
standard locus theorems, the relation of the diameter to a chord 
of a circle, as well as other properties of the circle and those of 
tangents. Similarly the corresponding facts in solid geometry may 
be approached by plane symmetry. 

D 
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Point symmetry may be introduced as the property of a figure 
such that the line joining any pair of corresponding points is bi- 
sected by the centre. Such a figure when plane covers its original 
trace if turned through two right angles about the centre. Point 
symmetry affords a convenient summary of the properties of the 
parallelogram. 


III. (7). The Area Group of Theorems. Of all the groups in 
elementary geometry this is the most difficult to arrange so as to 
command general agreement, and consequently the most trouble- 
some to the examiner. 

There are two distinct methods of procedure as well as mixtures 
of them, one Euclidean in spirit and the other arithmetical in spirit. 
The order of propositions in these two methods of procedure is in. 
general as follows : 


I. Tae Kuciipean MertaHop. : 

(i) Parallelograms on the same base and between the same 
parallels are equal in area. 

(ii) Triangles on the same base and between the same parallels 
are equal in area (proved by duplicating the triangles and 
using (1) ). 

(ii) The converse to (1) (proved by reductio ad absurdum). 

(iv) If a triangle and a parallelogram are on the same base 
and between the same parallels, the triangle is one-half 
the parallelogram (proved from (i) by duplicating the 
triangle). 

Up to this poimt it is not necessary that lengths should be com- 


mensurable. 
The corresponding mensuration results follow as corollaries. 


Postulating that 
Area of rectangle = base x height, 


we have 
(a) Area of parallelogram=_ base x height (Cor. to (1)). 
(b) Area of triangle =4 base x height (Cor. to (i1)). 


If. Toe ArrrameticaL Metuop. 
It is postulated that 
| Area of rectangle = base x height. 
We have then the following propositions : 
(i) Area of parallelogram =area of rectanyle on the same base 
and between the same parallels 
= base x height 
(the same figure and the same proof as in I (i), but with a 
second part). 
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(i) Area of triangle =half that of the rectangle on the same 
base and between the same parallels 
= base x height 
(proved either by duplicating the triangle, or by dividing 
it by a perpendicular and taking the two cases, of which 
the first is easy and the second hard). 


(iu) Triangles on the same base and between the same parallels 
are equal in area (deduced from (ii) since each is given 
numerically by § base x height). 

(iv) The converse to (ili) (proved by arguing that, since the 
areas are equal and the base is the same, therefore the 
heights are equal). 


The Committee is of opinion that either of these arrangements 
is satisfactory, but that mixtures of them at the same stage are 
lacking in continuity and are not satisfactory. For example, there 
is an obvious lack of continuity in making II (ii) follow I (i), or in 
making [ (ii) follow IT (i). 


III. (8). Incommensurables. Until Pythagoras’ theorem is 
reached, the student need have no idea that irrationals exist. He 
knows that in arithmetic some numbers have square roots and some 
have not, but this is no more puzzling than the fact that the world 
contains black cats and cats that are not black, and the observation 
does not plunge him at once into the gloom where all is grey. The 
proposition to which we claim assent in elementary arithmetic is 
not that there is a number whose square is 2, but that we can find 
numbers whose squares are as near to 2 as we wish: given any 
particular problem in which a prescribed degree of approximation 
is a practical necessity, we can satisfy the requirements of that 
problem. At the outset, at any rate, we have no need to discover 
or to invent a definite entity to be the square root of 2 (or a definite 
entity to be a 2 with a square root). 

In the treatment of propositions on area which precedes Pytha- 
goras’ theorem, no mention of incommensurables is to be made. 
Even if the geometrical versions of such identities as 

a? — 6? =(a— b)(a +b) 
are needed, the immediate interpretation of each individual 
product in the formula is all that is necessary; such dissected 
figures as were associated with Huclid’s second Book may be 
vivid, and even entertaining, as illustrations, but no schoolboy 
at this stage can be expected to see that they have any logical 
weight to carry. 

With the arrival at Pythagoras’ theorem, the outlook changes 
abruptly. Arithmetic, as we have said, can get along quite well 
without irrationals; in geometry the imcommensurable itself 
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suddenly appears before the eyes, for it is inconceivable that the 
side of a square should possess a definite length and the diagonal 
of the same square should not, whatever difficulties may appear 
when measurement is attempted. 

This is one reason why the teacher of geometry must accept the 
burden of deciding to what extent the question of incommensurables 
is to be faced. Another reason is, that when irrational numbers 
are introduced, the fundamental operations of addition and multi- 
plication are no longer possible in the senses in which they are 
defined for rational numbers, and fresh definitions have to be 
framed ; the ordinary g geometrical operations, on the other hand, 
‘are undisturbed by questions of relative commensurability, and to 
recognise the existence of incommensurables in geometry does not 
involve attaching new meanings to half the terms in our vocabulary. 
This is why the teacher of elementary algebra makes an appeal to 
geometrical intuition instead of offering an arithmetical theory of 
irrationals. 

As soon as the existence of pairs of mutually incommensurable 
lengths is admitted at all, it should be said that ncommensurability 
is the rule and commensurability the exception; probably some 
bovs now leave school with the belief that all the trouble is caused 
by two unfortunate accidents, »/2 and x. For a time it remains 
possible to ignore the difficulties of the subject ; the incommensurable 
bears no palpable geometrical marks, and approximations as close 
as circumstances require can always be made. Most teachers will 
make an evasive treatment serve throughout Stage B. 

In Stage C a deliberate examination of the problem is appropriate, 
and since nobody will deny that the matter is tiresome, it is im- 
portant that a determination to see it through should be fostered 
by emphasis on the universality of the difficulty : the chance that 
two lines taken at random in a geometrical figure are commensurable 
with each other is negligibly small. 

The fundamental assumptions to which attention must first be 
drawn are : 


(1) That every terminated straight line has a length which can 
be expressed in terms of any assigned unit by a number. 


(2) That every rectangle has an area which can be expressed in 
terms of any assigned unit by a number. 


If the numbers to which these assumptions refer were the whole 
numbers and fractions of elementary arithmetic, the assumptions 
would be definitely false; they are therefore numbers of some 
new kind. | 

In the absence of an arithmetical theory of irrationals, the only 
definitions available of addition and multiplication of these new 
numbers are derived, under the guidance of elementary mensura- 
tion, from the assumptions (1), (2). The sum a+ is defined as the 
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length of a straight line ABC of which two complementary parts 
AB, BC have lengths a, b, and the product ab is defined as the 
area of a rectangle OPRQ of which adjacent sides OP, OQ have 
these lengths. 

If this is a true view of the relation between algebra and geometry 
that is proper in the school-room, then such identities as 


a? — 6? =(a—b)(a +b) 


are not available at once as identities already proved in the 
course of algebra, and the teacher, if he is to avoid a vicious circle 
in making reference to formulae, has to decide, from his estimate 
of the particular students with whom he is concerned, between 
two alternatives : 


(1) He may proclaim that the algebraical proofs with which the 
student is familiar are inapplicable except to commensurable 
cases, but that proofs do exist which show the algebraical 
results to be true without reservation. 

(2) He may prove, in the Euclidean manner, the geometrical 
theorem that corresponds to the identities 

ab+tetd+...)=abtactad+..., 

make it clear that the geometrical proof establishes the 

algebraical identities, and assert that the more complicated 

identities of algebra are all built up from these, and that 

therefore the building up of corresponding geometrical 

identities part passu is a process purely mechanical. 

The plan of proving Euclid’s propositions from II. 2 to II. 10 by formal 
synthesis from II. 1 was familiar to the Greeks, and has always found 


advocates. In Haselden’s edition (1732) of the English translation of 
Barrow’s edition of the Elements, II. 4 runs as follows : 


“Tf a right line Z be cut any wise into two parts, the square described 
on the whole line Z, is equal to the squares described on the segments A, E, 
and to twice a rectangle made of the segments A, E taken together. 


I say that Zq =Aq+ Eq+ 2AL. 
For ZA=Aq+AH, and ZH=Hq+HA. 
Therefore whereas ZA+ZE=Zq, 
thence is Zq =Aq+ Hq+2Ak.” 
sabia) A a aioe 
A E 
Fig. 10. 


An alternative geometrical proof of II. 4 is given for the sake of three 
- corollaries, but the other propositions from II. 2 to II. 10 are proved 
only in this symbolical fashion. 


Logically the definition of a quotient comes immediately after 
that of a product, and the formula A/h = is only a version of the 
formula bh=A. In elementary geometry, however, quotients, or 


54 THE TEACHING OF GEOMETRY IN SCHOOLS 


rather ratios which need quotients if they are to be measured, 
arise in a different region from products, namely, in association 
with similarity and with intercepts between parallel lines. 

If the theory of similarity is subordinated to the theory of parallels, 
it is natural to confine attention first to commensurable ratios, 
merely stating that, when a definition of the ratio of one length 
to another incommensurable with it comes to be framed, the defini- 
tion is such that the fundamental theorem on intercepts is true, 
and that all the deductions from this theorem remain valid. 

If, however, a general principle of similarity has been adopted 
as a basis for the treatment of parallels, then, as remarked else- 
where, there is at first no occasion to raise the question of incom- 
mensurables at all. In this order of ideas, the notion of equality 
of two ratios of lengths is regarded as primitive and antecedent 
to measurement, and it is brought into formal operation by the 
assumption that for two triangles A’B’C’, A” B’C” equality of the 
angles A’, A” and equality of the ratios 


A'B’ . ep A. . ALO. 
together suffice to secure equality of the angles B’, B’. 


Probably some readers will be inclined at this point to put the question, 
‘‘ How is one to know that the ratios are equal?” This question is, 
literally, irrelevant. We have not to ask before proving I. 47, “‘ How 
is one to know that the angle is a right angle?”’ Nor have we to ask 
before discussing I. 4, ‘“‘ How is one to test the equality of the included 
angles ?”’—it is difficult to imagine any test that would be logically 
independent of I. 4. In brief, I. 4, I. 47, and VI. 6, like mathematical 
propositions in general, are concerned with the relation of hypothesis 
to conclusion, not with the truth or falsehood of the hypothesis itself. 

The reason why the question in the present case is not unnatural is 
that we can in fact analyse the idea of ratio and associate ratio with 
measurement. Sooner or later this must be done—it is achieved by the 
theory of proportion—but there is no reason why the hypothesis of equal 
ratios should not be used as soon as it can be linked in any way with 
other geometrical relations. 


If quotients come from one quarter and products from another, 
the use of algebraical terms and symbols will mislead us into de- 
ductions we have no right to make unless we know that in the 
geometrical vocabulary 

P’'Q' . P’Q" == Rh’ 9’ . R'S’ 
is equivalent to 

Pea RS” = PQ" . R'S’. 
The gap, to which attention must be called sooner or later, is filled 
in the course of the Kuclidean proof (VI. 2) that a transversal 
FG divides the sides AB, AC of a triangle ABC proportionally 
if and only if it is parallel to the base BC’; the proof consists in 
showing that the condition necessary and sufficient for proportional 
division is equality of the areas of the triancles ABG, AFC. If 
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the angle at A is taken to be a right angle, the deduction that the 
condition 

ABTAG = Ai AG 
is equivalent to the condition 

AB.AG=AF. AC 


is Immediate, and since three of the lengths are arbitrary, this is 
the general theorem that it is necessary to establish. 


Fig. 11. 


In conclusion, it is worth while to call attention to the important 
fact that, rightly treated, the operations of measuring involved in 
the early practical work of the geometry course will do much to 
prepare the mind of the pupil for an understanding of incommensur- 
ables at a later stage, for the vast majority of the acts of measure- 
ment involve incommensurables. Suppose, for example, that it 
is required to find how many inches wide a certain door is; here 
we have a length—the yard or the foot—divided into a certain 
number of equal parts, and we are asked to find how many of these 
parts are contained in the width of the door. In practically all 
cases the answer is only ‘approximate’; in other words, the 
unit of length and the length to be measured are ncommensurable ; 
nor can this result be avoided by successive sub-division of the 
unit. It is, of course, not suggested that at this early stage any 
mention is to be made of incommensurables. But pupils who 
have from the beginning been accustomed to make all their measure- 
ments to the nearest foot, inch, centimetre, etc., will have little 
difficulty at a later stage not only in realising what is meant by 
saying that two magnitudes are incommensurable, but also in 
understanding that there are pairs of magnitudes which cannot, 
even conceivably, be both measured in terms of the same unit. 


IV. THE QUESTION OF AN AGREED SEQUENCE. 
DIFFICULTIES IN TEACHING AND EXAMINING. 


The appointment of the Committee that has prepared the present 
Report was largely due to the discussion as to whether a stereo- 
typed sequence of theorems could with advantage be established 
in that region of elementary geometry distinguished in this Report 
as Stage C. . 

It will have become clear to anyone who has read the previous 
sections of the Report that the Committee does not consider it 
to be desirable nor, if it were desirable, to be possible to return to 
a fixed sequence. 

One important reason for this conclusion is the favourable view 
which the Committee takes of the possibility of replacing the parallel- 
postulate by a postulated principle of similarity (as discussed in 
§ ITI, 3 above). 

This attractive alteration would affect the sequence of theorems 
to a very great extent; but it is as yet comparatively untested, 
and it would, therefore, hardly be possible to base a fixed sequence 
upon it with any confidence. On the other hand, it would be most 
regrettable to establish a fixed sequence which would make the 
introduction of this change impossible. 

The possibility of this change is, however, only a striking instance 
of the difficulties of establishing a sequence, which may be stated 
briefly thus : 


(i) It is very doubtful whether any best sequence exists. 


(u) If in the opinion of the Committee a best sequence had been 
discovered, it would be impossible to enforce its acceptance 
in the present divided state of opinion in the schools, and 
highly undesirable to discourage independence of thought 
among enterprising teachers. 


In must not, however, be supposed that the Committee is blind 
to the widespread desire among teachers of mathematics for a 
fixed sequence (particularly among those who are not specialists 
in the subject) or to the difficulties which the absence of a fixed 
sequence involves. 
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It will be well to discuss these difficulties in some detail. They 
may be divided into (1) teaching difficulties, (2) examining difficulties. 


(1) Teacuine DIFFICULTIES. 


It is to be presumed that in each school a definite text-book 
is in use. The sequence of this text-book is then the recognised 
sequence of the school. If it is necessary to use in the same school 
a more elementary and a less elementary book it will usually be 
easy to choose them so as not to clash. The real difficulties arise 
(a) when a boy changes his school, (6) when a school changes its 
text-book. 

Both public schools and secondary schools feel the first difficulty 
continually, for to them come boys from such a variety of pre- 
paratory schools in the one case and of elementary schools in the 
other case, that it is hopeless to expect any uniformity of text-book. 
If the teaching in the earlier school is not many years behind the 
times, and especially if the recommendations as to the distinction 
between Stages B and C are adopted, boys of the transition ages 
will not be likely to have a sequence covering all the propositions 
they know fixed firmly in their minds; but they will (it is to be 
hoped) know proofs of a good many propositions. 

A good many difficulties arise even at Stage B as regards individual 
proofs. The following are suggestions for meeting them : 


(i) If a master finds that some of his form have learnt Kuclid’s 
proof of Pythagoras’ theorem and others the proof by similar 
triangles, he should explain both proofs. It may then be 
left to individuals to adopt one or the other as they wish, 
as the proof to be learnt and remembered, or the class may 
be allowed to vote on which proof should be adopted. This 
treatment is suitable when two proofs of a proposition, each 
already ‘done before’ by some members of the form, differ 
widely and are too difficult to be left without explanation 
by the master. 

(ii) With other easier propositions, especially certain converses 
such as the isosceles triangle converse, the greater side opposite 
the greater angle, equal triangles on the same base between 
the same parallels, it will be sufficient to allow either proof. 
On the boy whose proof differs from that of the school 
text-book is laid the onus of either remembering his old 
proof or learning the other. 

(iii) Then there are cases in which proofs that are the same in 
substance have been made to appear different. For mstance, 
in the angle-sum for a triangle, the parallel may be drawn 
at one end of the base, when it is usual to take one pair 
of alternate and one pair of corresponding angles, or it may 
be drawn through the vertex and two pairs of alternate 
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angles taken. It is easy to point out that these two proofs, 
both of which date from before Euclid, are essentially the 
same, and that it does not matter in the least which proof 
is used. 

So also in the intercept theorems the lines may be drawn 
parallel to either transversal, and one may draw either two 
lines, or one line through the pomt where the middle parallel 
line is cut. All these can easily be shown to be practically 
the same. 

One of these three plans should meet the difficulties that arise, 
cand it is not hard to see which is the suitable one in each case. 

A minor teaching trouble is that caused by the absence of numbers 
by which the theorems may. be referred to. This is discussed in 
§ V, 3 below. 

The change of text-book at a school is a real difficulty for a time. 
‘To minimise the difficulty it is well to take the boys into one’s 
confidence as to the advantages attaching to the new book, and 
the various alterations in sequence should be pointed out at once 
and the learning of the necessary new proofs faced. In a short 
time the new sequence should be firmly established. 


(2) DIFFICULTIES AS REGARDS HXAMINATION, 


It is probably in most cases in relation to external examinations 
that the shoe is thought to pmch. A teacher prepares for his 
geometry teaching by studying several different text-books. He 
finds great differences in sequence between them, and fears lest, 
-after his pupils have learnt the proofs in Book A, they may fall 
victims to an examiner who prefers those in Book B. His fear 
‘makes him a warm advocate of a fixed sequence. 

To avoid misunderstanding, let us say emphatically that in the 
opinion of the Committee it is the examiner, not the teacher, who 
‘should worry about the difficulties of examining. A teacher who 
believes that one kind of course provides the student with a better 
education than another, has no right to attach importance to the 
question whether one is easier to examine upon than the other. 

But we hasten to add that examiers are for the most part sur- 
prisingly ready to shoulder their burden, though perhaps with a 
little human grumbling. The common phrase is, ‘ Any proof will 
be accepted which appears to the examiners to form part of a sys- 
tematic treatment of the subject,’ and the teacher’s fear of disaster 
and advocacy of a recognised sequence are founded on a mistrust 
which is both unwarrantable and undeserved. The phrase means 
precisely and literally what it says; the teacher may instruct his 
pupils on the lines of Book A or on those of Book B, and the ex- 
-aminer undertakes to give the same marks for a satisfactory version 
-of a proof in one book as for a satisfactory version of a proof in 
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the other. In practice, at one of the large public examinations the 
examiners will often be giving equal marks for several different 
proofs of the same proposition. 

The responsibility lies mainly with the examiner so to set his 
questions as to make them suitable for candidates who have used 
widely differing books. . 

Only one caution is perhaps necessary for the teacher: in some- 
books propositions are cut up into several pieces, which in other 
books are presented whole. If in the examination the last piece 
is enunciated, it is usually necessary to give the earlier pieces too. 
For instance, in proving that three angles of a triangle make two 
right angles, it is unwise to assume that the exterior angle is equal 
+ to the sum of the interior opposite angles. This should be proved ; 

_the concluding part of the argument by itself is too short for full 
marks. 

Similarly, in the case of the area group of theorems (see § III, 7 
above), a pupil who has studied sequence I, if given the enunciation 
of II (i) must not assume [ (i) and write out its corollary, but must 
write out I (i), and give its corollary. . 

This is seldom a serious difficulty. A very short snippet can 
hardly be expected by the examinee to be worth many marks. 
If, however, the examiner wishes to set a very short piece of book- 
work, he can make use of the fact that in some groups of propositions 
the fundamental proposition is well established, and others follow 
directly from it by very short proofs; this is notably the case 
with the angle properties of a circle (where the ‘ angle at the centre 
is double that at the circumference’ is fundamental). Similarly, 
if a tangent to a circle is mentioned, the examinee should know 
that he can assume it to be perpendicular to the radius unless he 
is expressly asked to prove this fact. Thus, in parts of geometry 
the examiner has the advantage of a fixed sequence, or rather of 
a group of propositions of which one is known to be fundamental. 

_ The only case in which the candidate can form no estimate of 

what is expected is that in which he is asked to establish a property 
that he himself has known as a definition. The examiner can and 
does avoid this difficulty (see for example the last paragraph in 
§ III, 5 above) whenever he is conscious of it; should he nod, the 
individual teacher may confidently protest, for the examiner is 
quite as anxious to dispense mercy as the teacher to secure justice. 


CONCLUSION. 


To sum up, the Committee is of opinion that to try to establish 
a fixed sequence is not desirable (even if success were possible), 
that the difficulties involved in the absence of a fixed sequence 
are far less serious than is often supposed, and that with care as 
to detail these difficulties may be overcome. 


V. NOTES ON SOME MINOR POINTS 


V. (1). The Use of Trigonometrical Ratios. The early work in 
trigonometry takes its place naturally in the course in elementary 
geometry, though the two subjects will subsequently become 
separate. | 

The idea that a fixed angle involves a fixed ratio of sides first 
arises in Stage A in connection with scale drawing in problems 
in heights and distances, with gradients, and with the determination 
of position. At this stage the use of the ratios may be introduced 
as an alternative to drawing. 

At all stages the use of the ratios as a simplified form of state- 
ment in the proofs of geometrical exercises should be encouraged, 
but the use of trigonometry in elementary geometry should not 
pass the level at which an wmmediate reinterpretation by means 
of similar right-angled triangles is possible. That is, the boy 
may use : 

(1) The definitions, when right-angled triangles are in question. 

(2) The proportion 

a:b:c=sm A:sn B: smn. 
(3) The trigonometrical formula corresponding to the extension 
of Pythagoras’ theorem. 
But examiners must be free to satisfy themselves that the work 
is not unintelligently mechanical by beginning an occasional question 
** Without the explicit use of trigonometrical ratios, prove. . . .” 

In this matter, bookwork is on a slightly different footing from 
exercises, for two reasons : 

(1) The average boy is not likely to bear in mind how much 
pure geometry is assumed in the definitions of the trigonometrical 
ratios, and he will describe vicious circles in perfectly good faith. 

(2) Human nature takes refuge only too readily in a formula. 
To prohibit the use of trigonometry seems to the boy merely a 
misuse of authority, but in giving bookwork the teacher has the 
opportunity, by presenting a variety of geometrical methods and 
by insisting that formulae and results are not everything, to supply 
a necessary counterpoise. 
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A reference to Euclid VI. 3 will illustrate what has been said. Euclid’s 
proof is beautiful; a proof by means of sines is merely effective. To 
give the latter rather than the former is to deprive the student of an 
aesthetic pleasure. Nevertheless, since examiners are committed to 
allowing the proof which consists in recognising first the similarity of 


FIG. 12. 


the triangles ABP, ACQ and then the similarity of the triangles DBP, 
DCQ, they cannot reasonably disqualify the proof in which the same 
similarities are used implicitly by means of the sines of the angles at 
A and D, but naturally they will sometimes demand evidence that the 
use of sines is known to have implicit reference to similarities of this 
kind. 


V. (2). The Arrangement of a Group of Theorems. In each group 
of theorems some one proposition is fundamental, and fortunately 
among the many divergencies between teachers of geometry there 
is very seldom a difference of opinion as to which is the fundamental 
theorem of a given group. 


Thus a few instances are: 


Angles in circle group: Angle at centre is double that at 
circumference. 

Tangent group: Tangent is perpendicular to radius. 

Area group: Parallelograms on same base and between same 
parallels are equal, or the special case when one parallelo- 
gram is a rectangle (for this group see § III, 7 above). 

Pythagoras group: Case of the right-angled triangle. 


In many cases the choice of the fundamental theorem is inevitable ; 
in most of the others it is determined by almost universal custom. 
But when the fundamental theorem has been chosen there are 
two different ways of arranging the subsidiary propositions : 
(i) That in which each theorem is referred back to the fundamental 
theorem, so that there is no definite logical order of the 
subsidiary theorems. 


(11) That in which each theorem is referred back to the one before 
it, so that the theorems must be taken in a definite order. 


These two arrangements have been compared to those (1) of a 
bunch of bananas, (11) of a string of sausages. 

The Committee gives as its definite opinion that the former 
arrangement (that of the bananas) is the better, and should be 
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adopted in all cases where it is feasible. The reason is that for 
the beginner in geometry the most difficult thing to learn is the 
order of a series of theorems; nothing shakes his confidence more 
than to be told that a proof is wrong because it violates this order ', 
while if another order had been selected it would have been or 
might have been right. Anything therefore that renders it un- 
necessary to remember the order of theorems is an advantage. 


V. (3). References. In writing out standard theorems or riders, 
if the reasoning is to be clear, references will frequently be necessary 
to results previously proved. 

The references should not be made by number. Even in the 
old days, when the unvarying sequence of Huclid was employed, 
references by number were unsatisfactory ; often either a number 
learnt by heart was a cloak for ignorance, or a genuine knowledge of 
the theorem referred to was concealed by a slip of memory as to its 
number. Nowadays, when no one sequence is universally recog- 
nised, they should not be tolerated. 

It will be found that in most cases no reference is needed, for 
the few words of argument that are necessarily exacted make the 
matter clear without it. Examples : 

(1) Za=Z6 (vert. opp.). 
(2) Since lines PQ, AB are parallel, ». 2QPB=alt. ZABP. 
(3) 44+2B+2ZC=2 right Zs (Zs of triangle). 
In some cases a phrase associated with a previous proposition 
is used. Examples : 
(1) Zs are equal *, diag. bisects par’. 
(2) ZP=ZQ in alt. segment. 
In a few cases it is convenient to refer to theorems by name : 
Theorem of Pythagoras (or its extension). 
Intercept Theorem, for the property of equidistant parallels. 
Mid-point Theorem, for the theorem concerning the join of 
mid-points of sides of a triangle. 
Rectangle Theorem, for property of chords of a circle. 

In more advanced work such names are often very useful. Thus 
we have Ceva’s theorem, Ptolemy’s theorem, Apollonius’ locus, 
etc. Any endeavour, however, to insist on such names being 
learnt is to be deprecated, as presenting one more item (of no 
untrinsic value) to memorise. 


V. (4). Reductio ad absurdum. There has been a tendency of 
recent years to reduce almost to zero the number of propositions in 
which this method is used. For instance, the isosceles triangle 
converse is either omitted as obvious from symmetry or proved 


1 Teachers will be familiar with the difficulty of explaining to beginners why it. 
is wrong to prove the angles of an isosceles triangle equal by bisecting the base. 
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by a direct proof, using the two- -angles-and-side case of congruence ; 
and the unequal sides converse is deduced from the axiom that 
two sides of a triangle are greater than the third instead of being 
proved by exhaustion. 

There is much to be said for such a substitution of a direct for 
an indirect proof. The beginner likes what is straightforward, and 
is saved the necessity of remembering the order of the two converse 
theorems. 

But this must not be carried too far. The method of reducto: 
ad absurdum is the recognised geometrical method for converse 
theorems. In considering if a converse is true an obvious test to 
be applied is whether it can be proved in this way. The method 
should be learnt, and learnt in the elementary course, but in view 
of the diversity of possible sequences, the Committee hesitates to 
recommend any definite place for its first introduction. 


VY. (5). The Double Aspect of a Locus. The idea of a locus will 
be introduced early in Stage B. The two elementary loci, that of 
a point equidistant from two fixed points, and that of a point equi- 
distant from two unlimited lines, follow naturally from the ideas 
of symmetry and congruence. Throughout the whole course of 
geometry, theorems occur for which the terminology of loci gives. 
a vivid form of enunciation ; there are such theorems, for example, 
connected with areas and parallels, and they abound in the geometry 
of the circle. 

It is important to insist at the right stage that a locus has a double 
aspect: the locus that corresponds to a prescribed set of con- 
ditions is both inclusive and exclusive, including every point which 
satisfies the requirements, excluding every point which does not. 
The danger is that the beginner tends to confuse completeness in 
the sense in which a locus must be complete, with completeness 
in the sense in which a circle is complete and a semicircle is not ; 
at least he tends to take for granted that the two forms of complete- 
ness go together. The truth to be admitted is that sometimes a 
locus is just the whole of one line or of one curve, but that sometimes. 
the locus consists of two or more pieces each of which is in the 
elementary sense complete in itself, sometimes the locus is only a 
part of some line or curve, and sometimes several complications 
are combined. 

That different cases are logically possible nobody will deny, but 
if artificial examples were necessary to illustrate them, the desir- 
ability of laying early stress on the double aspect of the locus might 
be disputed. It happens, however, that the four most important 
possibilities are all realised among the fundamental plane loci which. 
have to be discussed for their own sakes : 


(1) The locus of a point equidistant from two given points is 
the whole of one line. 
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(2) The locus of a pomt equidistant from two given lines is a 
‘pair of lines; the whole of each angle-bisector is included, but one 
bisector alone is only part of the locus. 

(3) If A, B are given points, the locus of P, such that the angle 
APB, measured, say, in a clockwise direction, has a given value, 
is an arc of a circle. 


(4) If in the last example the angle may be measured in either 
direction, the locus becomes a pair of arcs belonging, unless the 
angle is a right angle, to two different circles. 


In view of this diversity, the recognition of the double aspect 
- of a locus is less a theoretical refinement than a practical necessity, 
and it becomes worth while to drive home the lesson by cases that 
will appeal by their very oddity, such for example as : 


(5) The locus of a point at which two adjacent sides of a rhombus 
subtend the same angle consists of a circular arc together with the 
whole of one diagonal of the rhombus and parts of the other. 


(6) If AB, BC are sides of a square, the locus of a point which 
is at the same distance from the nearest point of AB as from the 
nearest point of BC is the whole of one quadrant of the plane 
together with the internal bisector of the angle ABC. 


Such loci enliven the class-room. They are out of place in ele- 
mentary examinations, and the suspicious teacher may comfort 
himself that the most ingenious composer of problems can not 
produce many elementary examples of the kind which an un- 
scrupulous examiner could use. 

From the beginning it is desirable to utilise the idea of a locus 
in three dimensions as well as in two (see § II, 5 above). Sometimes, 
as in the case of the perpendicular bisector, the problem is as simple 
in solid geometry as in plane geometry. Sometimes, as in the 
extension of Example 4 above, there arises a useful exercise in 
space imagination which is not outside the range of most children. 

In Stage C the proofs of the standard locus theorems should be 
considered more carefully. Some examiners expect, for example, 
both a proof that every point which is equidistant from two points 
A, B lies on the perpendicular bisector of AB and a proof that 
every point of the perpendicular bisector is equidistant from A 
and B. Whatever the demands of examiners, the student should 
be taught that the double proof is a logical necessity. 

In exercises on loci, in an examination, the double proof is not 
usually required, and unless it is explicitly demanded, the candidate 
is in a difficulty, and the examiner finds it impossible to make an 
adequate allowance for an answer that is really complete. As a 
matter of tactics, the examinee, faced with a rider in which the 
form of the question gives no guidance, is advised to limit his formal 
proof to one aspect of the locus and to mention that a converse 
proof is necessary to make the answer satisfactory. But it is 
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highly desirable that examiners in setting locus problems should 
frame their questions to elicit exactly what they require, stating 
definitely which of the converse proofs they expect, unless they 
do want the double proof. 

There is no reason why the teacher or the internal examiner, 
for whom the problem of adjudicating fairly as to this point does not 
arise, should allow the double aspect of a locus to be ignored. The 
logical error is serious, and in the vast majority of cases one half 
of the complete proof can be inferred from the other, either by 
reductio ad absurdum or by the perception that each individual step 
expresses not a one-sided implication but a reversible equivalence. 


V. (6). A few Neglected Details. 


(i) THe Kite. In nearly all elementary constructions a kite 
or four-sided figure with two pairs of adjacent sides equal is formed, 
and the proof of the construction is the proof that one diagonal 
of a kite, being a line of symmetry, bisects the other perpendicularly 
and also bisects the angles. 

This affords a comprehensive way of looking at these construc- 
tions, and it is instructive to note that in Euclid’s construction 
for a perpendicular to a horizontal lne from an external point 
the kite has its line of symmetry vertical, while in the method 
in which the point is joined to its image the kite has its line of 
symmetry horizontal. 


(ii) THe Piortine or Apotitonius’ Locus. As a rider on the 
standard theorems concerning the bisectors of the vertical angle of 
a triangle, the proof that the locus of P when PB: PC is given is a 
circle is in no danger of neglect. But the merits of the locus as an 
example for actual plotting by the very beginner are often over- 
looked : the result to be obtained is both simple and unexpected. 

(iii) THe Ampiauous Case. A theorem of which more use should 
be made is the ambiguous case in the congruence of triangles, which 
can be stated thus: If two triangles have a=a’, b=b’, A=A’, 
and are not congruent, then 6 and B’ are supplementary. 

Beginners are apt to assume either that no deduction can be 
made from these data or that the triangles are necessarily con- 
eruent. Acquaintance with this theorem avoids difficulties in 
trigonometry later on. 

A useful inference is that if B and B’ are known not to be sup- 
plementary, they must be equal and the triangles congruent. This 
last result can be used, for example, to prove that if the bisector 
of the vertical angle of a triangle also bisects the base, then the 
triangle is isosceles. 

(iv) AN Ampicuity In Lanauace. Sometimes a student is 
genuinely misled by the ambiguity in the classical phrase * on the 
same base and in (or between) the same parallels’. Taken literally 
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the phrase allows the base to be a line drawn from one of two 
parallel lines to the other, and the teacher may avert trouble by 
remembering to point out when the expression is introduced that it 
is traditional, and that its meaning is restricted by a universal con- 
vention. The fact that with the wrong interpretation the proposi- 
tions in which the phrase occurs are obviously false prevents the 
difficulty from being either serious or permanent. 


(v) THe Centre oF Rotation. The theorem that it two figures 
are directly congruent, one may generally be made to coincide with 
the other by rotation about some determinable point, is a very easy 
rider or series of riders on congruent triangles, and leads to the 
idea of instantaneous centre, with its interesting applications to the 
motions of parts in machinery. 


(vi) THe PowER*oF A POINT WITH RESPECT TO A CIRCLE, defined 
as the constant product of the segments of a chord, should be avail- 
able for use whenever a theorem that depends for external points 
on the length of the tangents is to be extended to internal points. 

Thus the definition of the radical axis of two circles R, S as 
the locus of a point that has the same power for # as for S both 
applies in every case to the whole line, and permits exactly the 
same proof of the existence of a radical centre for three circles 
as the definition by equal tangents, without mvolving any formal 
restrictions. 


(vii) Tae Line-Patr on Cross. The line-pair can be introduced 
with effect into elementary geometry*. A Huclidean alternative 
of equal or supplementary angles almost always becomes a simple 
congruence of one cross with another, and proofs which, strictly 
speaking, fall into a number of distinct cases if they are treated by 
means of angles only, are really general in terms of congruent crosses. 

In higher mathematics ‘ the angle APB’ means often an angle 
from the line PA to the line PB, but not necessarily from the 
direction in which the distance from P to A is positive to the direc- 
tion in which the distance from P to B is positive. With this 
interpretation, the angle is indefinite by an arbitrary multiple of 
two right angles, and we can equate A’PB to APB if and only 
if A’ is in the complete line through P and A, no distinction being 
necessary between the case in which A and J’ are on the same 
side of P and the case in which they are on opposite sides. The 
equality APB=CQD asserts that the cross formed by the pair of 
lines (PA, PB) is directly congruent with the cross formed by the 
pair (QC, QD), and the equality 4PB= —CQD asserts that one of 
these crosses is inversely congruent with the other. 

The most important example has been mentioned incidentally 
in §§ I, 5 and III, 5. This is the theorem that if A, B, C, D, P,Q 


1 See an article by D. K. Picken in the Mathematical Gazette, Vol. XI, pp. 188- 
193 (1922). 
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are concylic, the pencils subtended at P and Q by A, B, C, Dare 
congruent. This theorem is true without a tangle of restrictions, 
only because the lines enter into the pencils in a definite order and 
without arrowheads. <A cross-ratio of four concurrent lines does not 
depend on a choice of directions along the lines; in other words, 
a pencil in projective geometry is always a collection of lines, not 
of rays or of half-lmes. Familiarity with the line-pair or cross in 
elementary geometry is desirable, not only because this figure is a 
valuable organising agent there, but also because it is the simplest 
of all pencils, and should be viewed in the light in which more 
complicated pencils must subsequently be regarded. 


VI. A WORD WITH THE EXAMINER 


Several times in the course of this Report it has been necessary 
to mention the Examiner. At the cost of repetition we assemble 
in this section the appeals that we have made. In one case, that 
of the fundamental theorems on similar triangles, a definite con- 
cession is suggested ; in two of the other three cases, we are only 
pointing out that confusion which does actually occur might be 
prevented by a choice of words without the sacrifice of any principle. 


(1) Where several definitions of one concept are all current it 
is usually better to ask for a proof that one specified property 4 
implies another specified property Z than to ask for a proof that 
the concept, specified only by name, does possess the property Z. 
This avoids the difficulty that some students may use Z to define 
the concept, and the further difficulty that the passage to Z from 
A may be much harder, or much easier, than the passage to Z from 
some third property B also in use for a definition. 

It is true that to a student in the habit of defining by means of 
B the passage from A to Z may be a rider, but the cases in which 
a serious complication is produced in this way must be very few, 
and it is certainly easier to make allowance for this complication 
than to be fair, when A is not mentioned in the question, to the 
candidate who asserts that possession of Z is the very definition. 

To take the commonest example, if the question is ‘‘ Without assuming 
any property of the tangent, prove that the line drawn through a point P 
of a circle at right angles to the radius has no points except P in common 


with the circle,” not only does the candidate know what is expected of 
him, but the examiner knows that he knows. 


(2) In bookwork and exercises on loci, it is often possible for 
the examiner to indicate quite clearly, without giving away the 
answer, if he will be satisfied with one half of a complete proof. 
If only it were the practice of examiners to ask for one or other 
of the two propositions, “‘ All the points equidistant from the given 
points A, B lie on a certain line,” ‘If A, B are given points, 
there is a certain line every point of which is equidistant from A 
and B,” when it is one of these propositions that is wanted, then 
there would be no excuse for the candidate who treats the pro- 
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position, ‘‘ The locus of a point equidistant from A and Bisa certain 
line,” as equivalent to one only of its two components ; at present, 
the candid teacher has to make the demoralising admission that it 
is doubtful whether the additional allowance for the converse half 
of a locus proof will be worth the time absorbed. 


(3) The Committee feels that in the first stages of geometry the 
three standard theorems on the congruence of triangles should all 
be accepted as obvious; above all, the arguments from super- 
position which prove nothing should not be introduced. 

The deduction of two of the cases from the third (Euc. I. 8 and 
I. 26 from I. 4) is important in formal geometry, but this is a com- 
paratively mature development of the subject. The sense in which 
the primary theorem (I. 4) can be proved from a general principle 
of congruence is discussed in § III, 1 of this Report. 

In view of the differences of opinion as to the treatment of these 
three theorems, many examining bodies have excluded them from 
the schedule of compulsory propositions for the purpose of School 
Certificate Examinations. This policy appears to the Committee to 
be a convenient one at the present moment. 


(4) For reasons set out at length in § III, 3 of this Report, the 
Committee is anxious that the plan of deducing the properties of 
parallels from the assumed existence of similar figures should be 
tried under favourable conditions. To this end it is essential that 
examiners should agree to revise their demands with regard to the 
standard theorems on similar triangles, and should allow teachers 
the option of putting these theorems on the same footing as the 
corresponding theorems on congruent triangles. This would in- 
volve not only the announcement in pre-matriculation schedules 
that proofs of these theorems will not be expected, but also, in all 
probability, extreme care in the wording of certain questions and 
the occasional provision of alternatives in almost every external 
examination on elementary geometry. 

The Committee recognises that this suggestion can not be adopted 
lightly, but hopes that examining bodies and individual examiners 
will give the substance of § III, 3 above their sympathetic con- 
sideration. 


VII. A NOTE ON RELATIVITY 


It is undesirable that the Report should close without a reference, 
brief though it must be, to the Principle of Relativity and the pos- 
sible bearing of EKinstein’s epoch-making work upon the teaching of 
elementary geometry. ‘Pure’ geometry, regarded as the ex- 
ploration of the consequences that flow from a given group of 
assumptions, cannot, of course, be affected by any discoveries in 
the realm of nature; for it describes an ideal world, in Plato’s 
sense, which would remain unchanged even though the heavens 
should roll together like a scroll. But school geometry is scarcely 
pure in this sense. It is rather what some modern geometers 
(with a slight accent of contempt) call ‘mensuration’; that is, . 
it is a theory about actual space and the figures conceived to exist 
in it. That being the case, it must, like any other theory about 
nature, submit to modification if new facts are found which do 
not fit into it. 

The discovery that the speed of light is independent of any 
motion of the source may be a fact of this kind. It has at least 
made obsolete the old idea of the world as advancing along a single 
‘corridor of time’ and fixed, at a given moment, in a unique net- 
work of spatial relations. We must now think of the world’s 
history as susceptible (in Whitehead’s phrase) of an endless number 
of time-stratifications, each with a corresponding spatial organisa- 
tion. As Minkowski said: “‘ Henceforth space in itself and time in 
itself sink to mere shadows, and only a kind of union of the two 
preserves an independent existence.” 

Now, the fact that there are many space-systems, not one unique 
system, does not obviously prevent them from being all EKuclidean ; 
it was Hinstein’s attempt to interpret gravitation in consonance 
with the new ideas which led him in the first instance to deny their 
Euclidean character. To find a law which should hold good in 
all systems of reference, he turned from the old notion of a pull 
exerted across the void, and explained gravitational phenomena as 
due to the intrinsic characters of the region of space-time in which 
the sun acts out its history. From this standpoint a comet, as 
it approaches the sun, swerves from the straight path for much 
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the same reason as ‘ causes’ a light-ray to bend as it advances 
through a medium of constantly increasing refractive index. In 
brief, gravity is merely an expression of the fact that actual space 
is not uniform in any possible space-time system. For instance, 
triangles’ whose sides are equal, each to each, are not congruent, 
on this theory, if one is near the sun and the other at a great distance 
from gravitating matter. That is, the principle of congruence 
itself is abandoned, and since the geometries which arose from the 
examination of the axiom of parallels, or, as we prefer to say, from 
the rejection of the principle of similarity, are precisely those systems 
in which the logical consequences of the principle of congruence 
alone are developed, it follows that if actual space is not uniform, 
Kuclidean geometry and the systems to which the name of Non- 
Kuclidean geometry is usually restricted, are equally mapplicable 
to actual space. 

It is interesting to note that the fundamental principles of rela- 
tivity, as distinct from particular theories of gravitation, do not 
necessarily lead to this destructive conclusion, and that there is 
as yet no experimental evidence which is decisive. Whitehead has 
in fact worked out a theory which not merely assumes but insists 
on the uniformity of spatial relations in each space-time system, 
and yet yields, within the limits of observation at present attained, 
all the results, such as the light-ray effect observed during an eclipse, 
which have made Einstein’s inquiry famous. Whitehead’s argument 
does not require those relations to be Euclidean rather than uniform 
after the manner of hyperbolic or elliptic geometry, but it does 
not assume that they are not Euclidean. In other words, the 
argument relies on the principle of congruence, and leaves the 
fascinating question of the actual existence of parallel lines and 
similar figures exactly where it was. 

But the alarmed teacher may well ask whether the position of 
Euclidean geometry in the school is to be for the future dependent 
on the fate of a physical theory and at the mercy of experiments, 
mercy which by its nature can be at the best only a succession 
of reprieves, since no particular test can do more towards establishing 
uniformity than relegate the possibility of non-uniformity to terms 
of a minuteness as yet unmeasurable. The answer to the question 
is emphatic and reassuring. Rays and point-images are not the 
less proper in the early study of light because waves and caustics, 
to say nothing of interference effects, have to be recognised in due 
course. In advance of Van der Waals’ equation and elaborate 
hypotheses to account for its several terms, Boyle’s simple law and 
its explanation kinetically by means of molecules that are unex- 
tended and perfectly elastic have their places not only in the history 
of physics but in the education of the individual scientist. And 
Euclidean geometry provides the obvious first approximation to 
the conditions of real life, and will therefore remain the legitimate 
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and inevitable geometry for the school-room, whatever may be the 
future vicissitudes of theories which have to provide not a mere 
first approximation to suit the crude requirements of everyday 
life, but approximations of higher and higher orders to keep pace 
with improvements in manipulative skill. 

The revolutionary ideas about the world which we owe to Min- 
kowski and Einstein will no doubt affect thought and knowledge 
as profoundly as did those of Copernicus, but if the child’s first 
geometry ever ceases to be Euclidean, that will come about not 
because the subtle observations of astronomers and physicists have 
_ become more and more difficult to reconcile with the conception of 
a simple space, but because the properties of ordinary objects have 
changed until the child no longer has in his experience the approxi- 
mately rigid bodies and the approximately similar figures from 
which our own geometrical ideas are derived. 


APPENDIX 


SOME EUCLIDEAN ENUNCIATIONS 


THE following enunciations, of the parallel-postulate and of pro- 
positions quoted in the Report by the numbers given to them by 
Kuclid, are transcribed from Heath’s invaluable edition (a preg 
University Press, 3 vols., 1908) : 


Postulate 5. That, if a straight line falling on two straight lines 
make the interior angles on the same side less than two right 
angles, the two straight lines, if produced indefinitely, meet 
on that side on which are the angles less than the two right 
angles. 


I. 4: If two triangles have the two sides equal to two sides 
respectively, and have the angles contained by the equal 
straight lines equal, they will also have the base equal to the 
base, the triangle will be equal to the triangle, and the 
remaining angles will be equal to the remaining angles re- 
spectively, namely those which the equal sides subtend. 


I. 5: In isosceles triangles the angles at the base are equal to one 
another, and, if the equal straight lines be produced further, 
the angles under the base will be equal to one another. 


I. 8: If two triangles have the two sides equal to two sides 
respectively, and have also the base equal to the base, they 
will also have the angles equal which are contained by the 
equal straight lines. 


I. 26: If two triangles have the two angles equal to two angles 
respectively, and one side equal to one side, namely, either 
the side adjoining the equal angles, or that subtending one of 
the equal angles, they will also have the remaining sides equal 
to the remaining sides and the remaining angle to the remain- 
ing angle. 

I. 27: If a straight line falling on two straight lines make the 
alternate angles equal to one another, the straight lines will 
be parallel to one another. 
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I. 29: A straight line falling on parallel straight lines makes the 


I. 3 


alternate angles equal to one another, the exterior angle 
equal to the interior and opposite angle, and the interior 
angles on the same side equal to two right angles. 


1: Through a given point to draw a straight line parallel to a 


given straight line. 


I. 32: In any triangle, if one of the sides be produced, the exterior 


angle is equal to the two interior and opposite angles, and the 
three interior angles of the triangle are equal to two right 
angles. 


I. 47: In right-angled triangles the square on the side subtending 


Why 


IIT. 


Til. 


the right angle is equal to the squares on the sides containing 
the right angle. 


: If there be two straight lines, and one of them be cut into 
any number of segments whatever, the rectangle contained 
by the two straight lines is equal to the rectangles contained 
by the uncut straight line and each of the segments. 


15: Of straight lines in a circle the diameter is greatest, and 
of the rest the nearer to the centre is always greater than the 
more remote. 


24: Similar segments of circles on equal straight lines are 
equal to one another. 


VI. 3: If an angle of a triangle be bisected and the straight line 


cutting the angle cut the base also, the segments of the base 
will have the same ratio as the remaining sides of the triangle ; 
and, if the segments of the base have the same ratio as the 
remaining sides of the triangle, the straight line joined from 
the vertex to the point of section will bisect the angle of the 
triangle. 


VI. 6: If two triangles have one angle equal to one angle and the 


sides about the equal angles proportional, the triangles will 
be equiangular and will have those angles equal which the 
corresponding sides subtend. 
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